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Compound Utility and Asset Pricing

Abstract : Compound utility theory (CUT) o¤ers an alternative to prospect theory,

modelling nonlinear preferences without probability transformation. Applying CUT to port-

folio choice and asset pricing, this paper investigate implications of nonlinear preferences for

the structure of stochastic discount factor under various assumptions. Testable hypotheses

are derived that seem to enrich current understanding in asset pricing relations signi�cantly.

Unlike psychologically motivated approaches that often seems to suggest investor irrational-

ity, we show that most of the empirical �anomalies� can be rationally accommodated by

the assumption that investors�have quasiconcave preferences in probabilities. In addition,

this study leads to a convenient framework for empirical investigations of the structure and

behavior of stochastic discount factors under upper- and lower-market conditions separately.
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1 Introduction

Experimental studies have established strong evidence that people tend to have nonlinear

preferences in probabilities while making decisions under risk.1 If those evidences are valid,

then one would expect nonlinear preferences to show up also in real-world data such as asset

prices. Alternatively, since nonlinear preference violates any theory that assumes preference

to be linear in probabilities, asset pricing models derived from those theories (including

expected utility) are likely to encounter empirical di¢ culties. The equity premium puzzle

(Mehra and Prescott, 1985; Kocherlakota, 1996; Campbell, 1999) is a notable example.

Among decision models that assume nonlinear preferences,2 prospect theory (Kahne-

man and Tversky, 1979; Tversky and Kahneman,1992) is commonly viewed as empirically

most successful. Apart from modelling preference through expected utility for gains and

1For instance, the Allais (1953, 1979) paradox, the Ellsberg (1961) paradox, and other types of behavioral

patterns as documented in Kahneman and Tversky (1979), Tversky and Kahneman (1992), Lattimore et al.

(1992), Gonzalez and Wu (1999), Tversky and Fox (1995), Abdellaoui (2000), Bleichrodt and Pinto (2000),

van de Kuilen et al. (2006), and Zou (2006a).
2E.g., rank-dependent theories (e.g., Quiggin, 1982; Yaari, 1987), subjective probability theories (e.g.,

Gilboa, 1987; Schmeidler, 1989), mixture symmetry and quadratic utility theory (Chew et al., 1991), ranked-

weighted theories (Luce and Fishburn, 1991; Marley and Luce, 2001), cumulative prospect theory (Tversky and

Kahneman, 1992; Wakker and Tversky, 1993; Chateauneuf and Wakker, 1999), and multiple-priors theories

(Ja¤ray, 1989; Gilboa and Schmeidler, 1989). For more recent contributions, see, e.g., reviews by Starmer

(2000), Sugden (2000), Schmidt (2000), and Bell and Fishburn (2000). See also Harless and Camerer (1994)

and Hey and Orme (1994) on comparing theories of choice under risk and uncertainty.
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losses (rather than utility for wealth), prospect theory further assumes that people use their

own decision weights, instead of true probabilities, to compute expected utility. The deci-

sion weights are derived by way of a probability weighting function that captures nonlinear

preferences in probabilities.

Applications of nonlinear representation theories to the study of portfolio choice and as-

set pricing are still quite limited, however. Behavioral models that are in�uenced by prospect

theory typically focus on the preference for gains and losses, or the way a reference point is

determined that determines choice behavior. For instance, Benartzi and Thaler (1995) o¤er

a solution to the equity premium puzzle by arguing that people tend to be myopically averse

to losses. They are irrational in the sense that if they can buy and hold for longer period

of time �a pure commitment problem �then they are willing to take on more risk. Shefrin

and Statman (2000) assume that people have di¤erent aspiration levels. They attempt to

�nd an optimal trade o¤ between expected wealth and probability of losses. In Shefrin and

Statman�s model, investors with high aspiration levels could prefer casino-type of securities

even where the expected wealth were negative. Barberis et al. (2001) set a loss-aversion

model in a dynamic context. Through a detailed calibration exercise, they explore to what

extent past performance could in�uence the degree of loss aversion and explain some of the

asset pricing anomalies. Barberis and Huang (2001) also derive cross-sectional implications

of their dynamic loss-aversion model, arguing that the representative investor is likely to be

prone to �individual-stock mental accounting�rather than �portfolio accounting.�

Except Benartzi and Thaler (1995) none of the above applications of prospect theory

assumes probability transformation, however. Admittedly, the probability weighting function
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is somehow di¢ cult to apply �especially in a portfolio context where covariances between

assets� returns need to be fully understood. Should one use the true (empirical) distribu-

tions or to use the transformed distributions that could be di¤erent from person to person?

Compound utility theory (CUT) recently developed by Zou (2006a) o¤ers an alternative

to prospect theory, which models nonlinear preferences without probability transformation.

CUT is shown to accommodate a large class of empirical anomalies for EUT, and it has an

intuitive axiomatic foundation.

The aim of the present paper is to apply CUT to portfolio choice and asset pricing, and

investigate implications of nonlinear preferences for the structure of stochastic discount factor

under various assumptions. We derive testable hypotheses that seem to enrich current under-

standing in asset pricing relations signi�cantly. Unlike psychologically motivated approaches

that often seems to suggest investor irrationality, we show that most of the empirical �anom-

alies�can be rationally accommodated by the assumption that investors�have quasiconcave

preferences in probabilities. In addition, our study o¤ers a convenient framework for empir-

ical investigations of the structure and behavior of stochastic discount factors under upper-

and lower-market conditions separately. There is an emerging literature showing asymmetric

stock correlations with the market under upper-market and lower-market conditions (e.g.,

Ang and Chen, 2001; Ang, Bekaert and Liu, 2002; Campbell, Koedijk and Kofman, 2002).

The models derived in this paper do allow this di¤erence in correlation conditional on the

market being up or down.

The next section describes the model and de�nes the basic concepts. It starts from a

single-period consumption-investment problem and characterizes the optimal decisions and
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the SDF. Section 3 studies the cross-sectional relations between assets� expected returns,

where a general-beta CAPM is derived. Section 4 extends the analysis to an intertemporal

consumption-investment problem with an in�nitely living representative agent. The general

SDF is shown to be a weighted average of two functions, one of the return on the market

portfolio and one of the intertemporal consumption ratio. Section 5 concludes the paper with

a number of suggestions for empirical studies in the future. The proofs of the propositions

are relegated to the Appendix.

2 The Model

Let t = 0; 1; 2; ::: denote the dates and 
t the investment opportunity set � the set of all

feasible investment strategies �at time t. Each element p 2 
t is called an asset or portfolio,

broadly understood as any �nite combination of available assets, including options, futures,

other �nancial products, long or short positions, etc. We assume that 
t is closed under

portfolio formation in that p =
Pn
i=1 �iAi 2 
t whenever Ai 2 
t, where �i is the weight of

the portfolio in asset Ai satisfying
Pn
i=1 �i = 1.

For all pt 2 
t, it is assumed that their gross returns rt+1 (1 plus the rates of return) at

time t+ 1 are continuously distributed almost everywhere even though their realized values

are discrete. Further assume that the capital market is perfectly competitive, there is no

transaction costs and tax, and that investors can borrow and lend at a risk-free (gross)

interest rate r0;t+1. The excess return is denoted by xt+1 (= rt+1 � r0;t+1).
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2.1 Investor preference

Consider a representative agent (henceforth, investor) whose choice behavior somehow re�ects

the aggregation of information, beliefs, and preferences of investors as a whole. Let wt denote

the investor�s wealth at time t. The investor�s decision involves choosing a consumption level

ct+1 = wt �wt for consumptions in period [t; t+ 1] and investing the remaining wealth wt in

an optimal portfolio pt 2 
t which generates random wealth wt+1 (= wtrp;t+1) at time t+ 1.

From now on, unless needed for clarity, the subscripts t and t + 1 will be dropped to ease

notation.

Let ! = wr0 be the �reference level� where w > 0 is the invested capital. Let wrp

denote the random wealth level where rp is the gross return on a portfolio p. De�ne �utility

for gains�by a function U : R! R+ satisfying U(wxp) = 0 for all xp � 0 and the derivative

U 0(wxp) > 0 for all xp > 0. De�ne �disutility for losses�by a function D : R! R+ satisfying

D(�wxp) = 0 for all xp � 0 and D0(�wxp) > 0 for all xp < 0. Let up = EU(wxp) and

dp = ED(�wxp) denote the expected values of U and D, and call up and dp the �utility-

reward�and �disutility-risk�of portfolio p, respectively.

In this context, we say that compound utility theory (CUT) holds if the investor�s

preference over risky returns on investments p 2 
 can be represented by a compound utility

(CU) function V : (!; up; dp) 2 R3+ ! V (!; up; dp) 2 R. This function is generally nonlinear

in its variables, increasing in utility-reward u, and decreasing in disutility-risk d (Zou, 2006a).
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Incorporating the consumption choice, the investor�s problem is now given by

max
0�w�w, p2


V0(c) + V (!; up; dp) (1)

where ! = wr0, c = w � w

up = E [U(w(rp � r0))]

dp = E [D(w(r0 � rp))]

Assume that all functions V0, V , U and D are twice continuously di¤erentiable (except

for U and D at point 0). They are assumed to satisfy

Assumption 1 (i) U;U 0 > 0; U 00 � 0 for rp > r0; D;D0 > 0; D00 � 0 for r0 > rp; and

U 0(0+) = D0(0+) = 1. (ii) V 00 > 0 and V 000 < 0. (iii) @V=@! > 0, @V=@u > 0; @V=@d < 0,

and V is (quasi) concave on R3+.

We have de�ned the functions of U and D solely on the gains and losses in order to

bring our model closer to prospect theory. The magnitude of these potential gain or loss,

however, can be in�uenced by the investment capital that is the investor�s choice variable. It

is shown in Zou (2006a) that U and D are invariant up to a positive ratio scale in ranking

the �more rewarding�and �more risky�relations. Hence without loss of generality they are

normalized here by U 0(0+) = D0(0+) = 1. Interpretations of the rest of the assumption are

straightforward.

Conditional on !, the set of reward-risk combinations of the feasible strategies is de�ned

by

�(!) = f(u; d) 2 R2+ : u = EU(w(r � r0)), d = ED(w(r0 � r))], for some p 2 
g:
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Since 
 and �(!) are essentially the same �except that their elements have di¤erent �labels�

�we may call �(!) the investment opportunity set as well. An advantage that �(!) gives

us is the familiar graphical interpretations of indi¤erence curves and e¢ cient frontier of the

opportunity set (see Figure ??).

Finally, de�ne the investor�s degree of disutility-risk aversion with respect to utility

reward (henceforth, disutility aversion) by

�(!; u; d) = �(@V (!; u; d)
@d

)=(
@V (!; u; d)

@u
): (2)

This measure tells how much marginal increase in utility-reward is required for each marginal

increase in disutility-risk if the investor is to be indi¤erent. Graphically, �(!; u; d) is the slope

of the indi¤erence curve at point (u; d). Note that the class of lower partial moment models

is nested as a special case of CUT by de�ning U = (w� !)+, D = (!�w)+ + �[(!�w)+]n,

and V = ! + EU � ED for arbitrary order n � 0. These models, however, imply a linear

functional form of V in u (= EU) and d (= ED) in that the degree of disutility aversion

is constant and equal to one (� � 1). We shall see that empirical data seem to suggest a

quasiconcave functional forms of V .

2.2 Optimal consumption-investment decision

Assuming that there exists an optimal solution w 2 (0; w) and m 2 
 to the problem (??)

satisfying E(rm) > r0, we obtain the following proposition.

Proposition 1 Under Assumptions 1, the solution wm 2 (0; w) and m 2 
 to (1) is char-

acterized by

r0
@V (!; u; d)

@!
j(u;d)=(umdm) = V 00(w � w) (3)
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and for all i 2 


E[U 0(w(rm � r0))(ri � r0)] = �mE[D
0(w(r0 � rm))(r0 � ri)] (4)

where �m = �
@V (!;u;d)

@d
@V (!;u;d)

@u

j(u;d)=(umdm) (5)

If we assume that the market is in equilibrium so that long and short positions in all

derivative securities (including cash) are equal, then we may interpret rm as the return on

a market portfolio �i.e., the value-weighted portfolio of all risky assets. More generally, we

can just treat rm as the return on a benchmark portfolio or simply a benchmark.

2.3 The stochastic discount factor

It is well-known (e.g., Harrison and Kreps, 1979) that provided 
t does not permit arbitrage,

the prices of all assets pt 2 
t at time t can be expressed as the expectation of their time

t+1 prices, pt+1 (including dividends),3 through a common stochastic discount factor (SDF)

�t+1 > 0 :

pt = Et[�t+1pt+1] (6)

where Et is the expectation operator conditional on the information available at time t.

Proposition 1 implies a quite general SDF that is consistent with no-arbitrage. We

�rst specify the structure of this SDF in the next proposition, and then derive a general

expected return �beta relation. Let Gt denote the �upper-market event xm;t > 0�and Lt

the lower-market event xm;t � 0. To ease notation de�ne

x =

8>><>>:
x if G

0 if L

; x =

8>><>>:
�x if L

0 if G

: (7)

3Without ambiguity, we let pt denote either an asset or the price of the asset.
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We call x the asset�s upper-market �gain�and x the asset�s lower-market �loss�(neither

need be positive). Note that E(x)�E(x) = E(x) is the asset�s expected excess return or risk

premium. The subscript t reappears in the next proposition for clarity.

Proposition 2 (dichotomous SDF) Conditions (3) and (3) of Proposition ?? imply a

dichotomous SDF �t+1 that prices all assets pt 2 
t according to (6). It is given by

�t+1 =

8>><>>:
BtU

0(wtxm;t+1) if Gt

Bt�tD
0(wtxm;t+1) if Lt

(8)

where

Bt =
1

r0;t+1Et[U 0(wtxm;t+1) + �tD
0(wtxm;t+1)]

(9)

�t =
E[U 0(wtxm;t+1)xm;t+1]

E[D0(wtxm;t+1)xm;t+1]
(10)

and wt satis�es condition (3).

We now move on to the pricing model in terms of expected returns.

3 Cross-section of expected returns

Since for all p 2 
, E(�x) = E(�x)�E(�x) = 0, there exists a constant number 'i for every

asset i such that

'i =
E(�xi)

E(�xm)
=

E(�xi)

E(�xm)
(11)

Equivalently,

E(�xi) = 'iE(�xm) and E(�xi) = 'iE(�xm) (12)
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The sign and magnitude of ' indicate how the asset�s excess return tends to behave (i.e., in

what direction and by what degree) in upper- and lower-markets.

By the Mean-value Theorem,

U 0(wxm) = U 0(0+) + U 00(�1)wxm 0 � �1 � wxm (13)

D0(wxm) = D0(0+) +D00(�2)wxm 0 � �2 � wxm: (14)

De�ne �+ = �U 00(�1)w, and �� = D00(�2)w. In general, since �1 and �2 are random variables

the de�ned �+ and �� are random variables as well. Recall that U 0(0+) = D0(0+) = 1, it

follows without loss of generality that the SDF can be written as

�t+1 =

8>><>>:
Bt(1� �+t+1xm;t+1) if Gt+1

Bt�t(1 + �
�
t+1xm;t+1) if Lt+1

(15)

where

Bt =
1

r0;t+1[Pr(Gt+1) + �t Pr(Lt+1)� Et(�+t+1xm;t+1 � �t�
�
t+1xm;t+1)]

(16)

�t =
E[(1� �+t+1xm;t+1)xm;t+1]
E[(1 + ��t+1xm;t+1)xm;t+1]

(17)

Substituting (15) into the equations in (12) yields

E(x)� E(�+xmx) = '[E(xm)� E(�+x2m)] (18)

E(x) + E(��xmx) = '[E(xm) + E(�
�x2m)]: (19)

A generalization of the traditional CAPM is in order.

Proposition 3 (general beta CAPM) Assume that Pr(�+ + �� = 0) < 1. Then the

dichotomous SDF of Proposition 2 implies for all p 2 
,

E(x) = �E(xm) + (�� 1)[E(x)� �E(xm)] (20)
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where

� =
E(xm)� E(�+x2m)
E(xm) + E(�

�x2m)
(21)

� =
E(�+xmx) + �E(�

�xmx)

E(�+x2m) + �E(�
�x2m)

(22)

Since the lambdas in (21) and (22) can be random as well as the excess returns, the

above general beta CAPM is indeed very general. Practically, one could assume that the

lambdas are constant because the second moments of excess returns tend to be very small

(e.g., typically less than one percent for monthly returns). They can then be estimated using

empirical data. Note that (20) has two other equivalent expressions, each having its own

meaning.

E(x)� �E(xm) = �m[E(x)� �E(xm)]

E(x)� �mE(x) = �[E(xm)� �mE(xm)]

We can now easily derive a number of approximate pricing models as special cases

by speci�c assumptions about �+; ��; and �. In all the following cases we assume that the

lambdas are constant real numbers.

3.0.1 The mean-variance model

Assume �+ = �� = � > 0 and � � 1. Then the expected return �beta relation in (20) and

the general beta in (22) reduce to the best-beta CAPM (BCAPM) (Zou, 2006b):

E(x) = �E(xm) where � =
E(xmx)

E(x2m)
(23)

The BCAPM is equivalent to the mean-variance CAPM when the model holds exactly, but

has less pricing errors if the CAPM is mis-speci�ed. In this case the market risk premium is
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determined by E(xm) = �E(x2m), as implied by �
+ = �� = � and � � 1 in (21).

3.0.2 The lower-semivariance model

Assume now that �+ = 0, �� > 0, and � � 1. This model has been studied, e.g., by Bawa and

Lindenberg (1977), and Harlow and Rao (1989) among others, where (20) and (22) simplify

to

E(x) = �E(xm) where � =
E(xmx)

E(x2m)
(24)

The market risk premium is now determined by E(xm) = ��E(x2m), as implied by �
+ = 0

and � � 1 in (21). It is slightly misleading to call (24) a semivariance model because the

betas are de�ned by the lower second moments.

3.0.3 The upper-semivariance model

Naturally, one may be interested in the symmetrical case where �+ > 0 and �� = 0. Again

assume that � � 1. Then (20) and (22) reduce to

E(x) = �E(xm) where � =
E(xmx)

E(x2m)
(25)

The market risk premium is now determined by the upper-second moments: E(xm) =

�+E(x2m) from (21).
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3.0.4 The gain-loss model

If we assume that �+ = �� = 0, then Proposition 3 cannot be used directly because its

assumption does not hold. However, from (18) and (19) we �nd that

E(x) = 'E(xm) (26)

E(x) = 'E(xm): (27)

This is the case where investors evaluate reward and risk by the expected gains and losses

(with respect to r0) respectively. All assets�expected excess returns conditional on the market

being up and down are now linearly related to the market through the assets�'. In this case,

E(xm) > 0 if and only if �m > 1, i.e., the risk premium of the capital market is explained

solely by the investor�s disutility aversion. The upper-market and lower-market SDFs also

become strikingly simple:

�t+1 =

8>><>>:
1

r0;t+1[Pr(Gt+1)+�t Pr(Lt+1)]
if Gt+1

�t
r0;t+1[Pr(Gt+1)+�t Pr(Lt+1)]

if Lt+1

: (28)

�t =
E(xm;t+1)

E(xm;t+1)
= Zm;t (gain-loss ratio of m) (29)

The pricing model (26)-(27) with the SDF given by (28)-(29)is a good alternative for the MV

models when applied to high-frequency trading environments. Studies of portfolio decisions

based on expected losses can be traced back to Domar and Musgrave (1944). The asset

pricing model with this simple form appears �rst in Bawa and Lindenberg (1977), although

they do not derive the SDF of the model as we do here. An important advantage of the

gain-loss model over the other models above is its consistency with no-arbitrage and with

more general probability distributions. It can thus be applied to areas such as performance
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evaluation or portfolio choice where options are actively traded.

It is worth remarking that we have derived the gain-loss asset pricing model under the

more general assumption that investors have quasiconcave preferences over expected gain and

loss. Traditional expected utility approach has to assume that utility is a piece-wise linear

function of the form

U(wj!) =

8>><>>:
w � ! if w > !

�(w � !) if w � !

where � measures degree of loss (or risk) aversion. A serious limitation of this assumption

is its di¢ culty to obtain equilibrium under di¤erent degrees of loss aversion. To see this,

let u = Emax(w � !; 0) and d = Emax(! � w; 0) so that V = u � �d. It follows that

� = �(@V=@d)=(@V=@u) = � is a constant. Since equilibrium requires � = Zm as in (29), the

equation cannot hold for di¤erent lambdas. The only possibility, then, is where all investors

are identical as assumed in Barberis et al. (2001). This di¢ culty does not arise if investors

have the more general quasiconcave preferences over u and d (e.g., Zou, 2000).

3.0.5 The dichotomous asset pricing model

Instead of restricting the investor�s preferences, one could also restrict the joint distributions

of asset returns. For instance, if assets�returns satisfy Ross�s (1978) two-fund separability

then all expected utility maximizers will choose the same optimal risky portfolio m. Zou

(2005) shows further that such optimal portfolio will also be gain-loss e¢ cient in that it has

the highest gain-loss ratio Zm. Therefore, Ross�s two-fund separability condition will allow

separation not only for expected utility preferences but also for (at least a class of) compound

utility preferences, such as quasiconcave preferences over utility-reward and disutility-risk
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measured by expected gain and loss respectively.

Assuming two-fund separation, then the dichotomous asset pricing model (DAPM)

holds which predicts (Zou, 2005)

E(x) = �E(xm), E(x) = �E(xm), E(x) = �E(xm) (30)

where � =
E(xmx)

E(x2m)
=
E(xmx)

E(x2m)
=
E(xmx)

E(x2m)
= ' (31)

To the author�s best knowledge, (30) and (31) are the strongest implications of two-fund

separation documented to date.

Deriving more re�ned approximate models by higher-order Taylor�s expansions of U

and D is straightforward. But since the model presented above is already much richer than

existing models, it may be a good resting point for now.

4 Intertemporal Consumption, Investment, and Asset Prices

In this section we apply CUT to an in�nitely lived representative agent model. The model

is similar in spirit to Barberis et al. (2001) in that the agent is assumed to derive utility not

only from consumption but also from utility-reward and disutility-risk for future investment

outcomes. The agent�s objective is assumed to maximize

E

 1X
t=0

�t (V0(ct) + btV (!t; ut; dt))

!
, 0 < �t < 1 (32)

where bt > 0 is a scaling factor, indicating the weight of compound utility V in the overall

utility for consumption and investment pairs. For tractability, we assume that V0 and V have
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the power functional forms given by

V0(ct) =

8>><>>:
c1�
t
1�
 
 6= 1

ln(ct) 
 = 1

(33)

V (!t; ut; dt) =

8>><>>:
[(wt�ct)r0;t+1((1+ut)a�(1+dt))]1�


1�
 
 6= 1

ln [(wt � ct) ((1 + ut)a � (1 + dt))] 
 = 1

, 0 < a � 1 (34)

ut = EtU(xt+1) � EtU(max(rt+1 � r0;t+1; 0)) (35)

dt = EtD(�xt+1) � EtD(max(r0;t+1 � rt+1; 0)) (36)

where rt+1 is the gross portfolio return on p 2 
t, the agent�s choice at time t. Now wt� ct is

the invested capital at time t (so that !t = (wt � ct)r0;t+1) and wt denotes the time-t wealth

that evolves following the random process

wt+1 = (wt � ct)rt+1 (37)

In (33)-(36) the functions U and D are assumed to satisfy Assumption 1, and the parameter

a measures the investor�s degree of disutility tolerance:

@V

@u
= !1�
 � a(1 + u)a�1 > 0

@V

@d
= �!1�
 < 0

�(!; u; d) =
(1 + u)1�a

a
� 1

Therefore the higher is a the lower is the agent�s disutility aversion.

Our agent�s preference di¤ers from that of Barberis et al. (2001) in many aspects

through the functional form of V . For instance, we do not assume that past performance

a¤ects the agent�s preference; we allow V to be generally nonlinear (indeed, concave) in (u; d)



19

and hence in probabilities; and we allow utility-disutility functions for gains and losses to

be more general as well, which is important for understanding the cross-section of expected

returns as shown in the previous section.

The approach we adopt di¤ers from Barberis et al. (2001) in that we do not assume any

speci�c stochastic processes (e.g., of consumption growth, dividend growth, etc.). Instead,

we use the recursive analysis similar to Epstein and Zin (1991).4 At any time t, let V t denote

the agent�s lifetime utility given by

V t = Et

0@ 1X
j=0

�j (V0(ct+j) + bt+jV (!t+1+j ; ut+j ; dt+j))

1A (38)

= V0(ct) + btV (!t+1; ut; dt) + �EtV t+1

Let J denote the optimal value of utility in (38) as a function of current wealth wt and

current information It, de�ned by the Bellman optimality equation

J(wt; It) = max
ct, p2
t

[V0(ct) + btV (!t+1; ut; dt) + �EJ(wt+1; It+1)] (39)

The assumed structure ensures that J is proportional to w1�
t or to ln(wt) if 
 = 1. To verify

this, assume

J(wt; It) =
[wtf(It)]

1�


1� 
 (40)

for some function ft � f(It) and that 
 6= 1. Substitute (40) into the right-hand-side of (39)

and maximizing with respect to ct leads to the �rst-order condition

bc�
t � bt(wt � bct)�
 [r0;t+1 ((1 + ut)a � (1 + dt))]1�
 = �(wt � bct)�
Et(rt+1ft+1)1�
 (41)

4Except that we do not model preferences for earlier or later resolution of uncertainty. An unveri�ed

conjecture is that such preferences could be incorporated in the present model straightforwardly.
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Multiplying both sides by (wt � bct)=(1� 
) and using (40) yields
bc�
t (wt � ct)

1� 
 � btV (!t+1; ut; dt) = �EtJ(wt+1; It+1)
1�


Substituting into (39) and using (40) again yields

J(wt; It) =
bc1�
t

1� 
 +
bc�
t (wt � ct)

1� 


=
bc�
t wt
1� 
 =

(wtft)
1�


1� 
 , f1�
t = (
bct
wt
)�


Since ft is independent of wt, the optimal consumption-wealth ratio bct=wt �  t is independent

of wealth as well. The ratio, however, may depend on other information at time t. We have

thus veri�ed (40).

Removing ft from (41) we arrive at

bc�
t � bt(wt � bct)�
 [r0;t+1 ((1 + ut)a � (1 + dt))]1�

= �(wt � bct)�
Et(r1�
t+1 (

bct+1
wt+1

)�
)

= �Et(rt+1(bc�
t+1))
Let rm;t+1 denote the return on an optimal portfolio (market portfolio in equilibrium). Then

(41) is equivalent to

�Et(rm;t+1(
bct+1bct )�
) + bt(1�  t t

)�
 [r0;t+1 ((1 + ut)
a � (1 + dt))]1�
 = 1 (42)

If bt � 0 then we are back to the familiar consumption-based model.

Now consider the portfolio choice. Consider a deviation rm;t+1+�(ri;t+1�r0;t+1). Sub-

stituting for rt+1 in (39) and di¤erentiating with respect to � yields the �rst-order condition

btbc�
t
�
@V

@u
EtU

0(xm)(ri � r0)�
@V

@d
EtD

0(�xm)(ri � r0)
�
+ �Et((

bc�
t+1bc�
t (ri � r0)) = 0
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Notice that

Et(
bc�
t+1bc�
t xi) = Et(

bc�
t+1bc�
t xi)� Et(
bc�
t+1bc�
t xi):

The above equation can be combined into

Et

" 
�tU

0(xm;t+1) + �
bc�
t+1bc�
t

!
xi;t+1

#
� �tEt

" 
�tD

0(�xm) + �
bc�
t+1bc�
t

!
xi;t+1

#
= 0

where

�t = btbct�(1�  t
 t

)r0;t+1

�1�

((1 + ut)

a � (1 + dt))�


�t = (1 + ut)
1�a=a

The SDF can now be written as

�t+1 =

8>>><>>>:
Bt

�
�tU

0(xm;t+1) + �
bc�
t+1bc�
t

�
if Gt+1

Bt�tEt

�
�tD

0(�xm) + �
bc�
t+1bc�
t

�
if Lt+1

Bt =
1

Bt

�
�tU

0(xm;t+1) + �
bc�
t+1bc�
t

�
+ �tEt

��
�tD

0(�xm) + �
bc�
t+1bc�
t

��

5 Conclusion

(in progress...)

APPENDIX

Proof of Proposition 1: Assume that wm 2 (0; w) and m 2 
 are optimal for (??). Fixing

wm and let any arbitrary pi 2 
 be given. Let �(�) = rm + �(ri � rm) denote the return on

a portfolio �pi + (1� �)m 2 
. The �rst-order condition requires @V@� j�=0 = 0, which implies

@V

@u
E[U 0(wm(rm � r0))(ri � rm)] +

@V

@d
E[D0(wm(r0 � rm))(rm � ri)] = 0: (43)



22

Substituting r0 for ri in (43) yields

@V

@u
E[U 0(wm(rm � r0))(r0 � rm)] +

@V

@d
E[D0(wm(r0 � rm))(rm � r0)] = 0: (44)

Subtracting the above equation from (43) and rearranging terms using (2) yields (4).

Next, the �rst-order condition for wm is

@V

@w
= �V 00(c)+

@V

@!
r0+

�
@V

@u
E[U 0(wm(rm � r0))(rm � r0)] +

@V

@d
E[D0(wm(r0 � rm))(r0 � rm)]

�
= 0:

(45)

By equation (44) the last term in the bracket of (45) drops to zero, yielding (3). These

conditions are also su¢ cient by the assumed quasi-concavity of compound utility V . �

Proof of Proposition 2: Rearranging terms in (4) yields

E[U 0(wmxm)ri] + �mE[D
0(wmxm)ri)] = E[U 0(wmxm)r0] + �mE[D

0(wmxm)r0)]

Since right hand side is strictly greater than zero, dividing yields

E[(U 0(wmxm) + �mD
0(wmxm))ri]

[E(U 0(wmxm) + �mD
0(wmxm))]r0

= 1

Since the above equation holds for all ri, it implies a valid SDF given by

� =
U 0(wmxm) + �mD

0(wmxm)

[E(U 0(wmxm) + �mD
0(wmxm))]r0

De�ning B as in (9) and using E(�xm) = 0 leads to (??). Thus (8) follows. �

Proof of Proposition 3: Substituting (13) and (14) into (??) yields

E(x)� E[�+xmx] = �m[E(x) + E(�
�xmx)] (46)

E(xm)� E(�+x2m) = �m[E(xm) + E(�
�x2m)]: (47)
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Rearranging terms in (46) and (47) yields

E(x)� �mE(x) = E(�+xmx) + �mE(�
�xmx) (48)

E(xm)� �mE(xm) = E(�+x2m) + �mE(�
�x2m): (49)

The ratio of (48) over (49) implies

� =
E(x)� �mE(x)

E(xm)� �mE(xm)
(50)

=
E(�+xmx) + �mE(�

�xmx)

E(�+x2m) + �mE(�
�x2m)

: (51)

We choose (51) for the de�nition of �, which measures how the asset returns move with the

market. That (50) is equivalent to the pricing relation in (20) can be readily veri�ed. �
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