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1 Introduction

Itis well documented that the celebrated Black and Scholes (1973) model does not
fit real-world option prices, and in fact produces systematic biases. In general, the
volatilities that back out from the Black-Scholes formulae are downward sloping
against the moneyness and expirations. These biases are well known as implied
volatility smiles or smirks. Since the discovery of the volatility smile, researchers
and practitioners alike have tried to build realistic option pricing models. One of
the key reasons that the Black-Scholes model fails is that stock (or index) volatility
is stochastic.

Unlike the main approach in the literature that either directly models the dy-
namics of volatility or makes volatility depend on price, this paper models an
equilibrium stock price that exhibits stochastic volatility. Although there is only
one source of uncertainty, the heterogeneities of investors make the volatility vary
over time in a stochastic fashion. Because of the single source of risk, options that
are written on the stock are redundant, and can be hedged by the underlying stock.
The vanilla European options written on this stock are priced by simple formulae
that match some of the key features of the implied volatility that is observed in
options markets. Furthermore, the prices of certain exotic options, such as barrier
options, can be approximated by simple integrals that can be solved numerically
at any desired level of accuracy. This ability of the model seems to be unique in
the current literature, in which even evaluations of vanilla European options are
guite involved. In summary, the option pricing model that is developed in this pa-
per not only explains the main features of the implied volatility, but is also simple
to implement as in the spirit of the Black-Scholes model. The key assumption of
the model is that investors are heterogeneous in their preferences and beliefs

The base model is a simple version of the general equilibrium asset pricing
model that was developed by Li (2000). In this economy, investors with a loga-
rithmic utility® have different time preferences (discount rate) and heterogeneous
beliefs about the only economic fundamental, which is a dividend or an endow-
ment stream. Unlike the homogeneous or a single representative agent setup of
Lucas (1978), the trading of stock not only involves risk sharing among investors,
but also speculation. Different trading strategies redistribute wealth among in-

1This makes the model very tractable. See Li (2000) for the case of general power utility.



vestors over time, and this redistribution effect adds another layer of variation to
that which is caused by the variation of the fundamental, that is, the dividend with
a constant volatility. The equilibrium price does not follow a Markovian process
in terms of the price itself; detailed wealth distribution is needed to completely
described the equilibrium. The equilibrium stock volatility is stochastic, even
though the volatility of the dividend is constant. Moreover, the implied volatility
surface is also changing over time due to the change in wealth distribution.

There are several recent studies that also try to explain implied volatility in
equilibrium settings in which investors face uncertainty about the structure of
economic fundamentals. However, in most of these models, prices can be only
solved numerically, even for vanilla options. David and Veronesi (2002) propose
an equilibrium, continuous-time model in which a dividend stream has two pos-
sible growth rates and investors have to make an inference about the current rate
that the dividend follows. They show that the options that are written on the stock
can generate an implied volatility smile. A similar idea is also investigated by
Guidolin and Timmermann (2003) in a binomial tree setting. In Yan (2000), in-
vestors also continuously update the estimate of the mean dividend growth rate,
which follows a mean reverting process. Liu, Pan, and Wang (2005) give an equi-
librium model in which jumps in asset price are due to the jumps in the underlying
dividend. Garcia, Luger, and Renault (2003) directly assume some structures for
the processes of pricing kernel and dividends, the parameters of which follow a
two-state Markov chain.

There are many studies that aim to generalize the Black-Scholes model with-
out an equilibrium setting. In the spirit of Black and Scholes (1973), such ap-
proaches are adopted to derive flexible pricing formulae in applications. Relaxing
the constant volatility of a stock to a stochastic process seems to be an obvious
step forward. Models that adapt this approach are known as stochastic volatility
models, and include those of Hull and White (1987), Heston (1993), and others.
Another way to make stock volatility vary over time is to assume that volatility is a
deterministic function of stock price, as Derman and Kani (1994), Dupire (1994)
and Rubinstein (1994) have done. Such models are also called local volatility
models. The other approach is to add a jump component to the stock price dynam-
ics as in the work of Merton (1976) and Bates (1991). There are also models that
mix stochastic volatility and jumps together. Although these models enjoy some



successes in term of explaining the observed implied volatility surface, other stud-
ies, such as those of Bakshi, Cao, and Chen (1997), Das and Sundaram (1999),
and Jones (2003) show that such success is limited. In addition, these models also
suffer some hedging problems in practice. For local volatility models, options can
be hedged by the underlying stock only, but suffer from consistency problems and
perform poorly empirically, as is shown by Dumas, Fleming, and Whaley (1998).
Obviously, these models more or less aim to ascertain how to model stock dynam-
ics such that the prices of the options that are written on the stock can explain the
real-world option prices with little details on the economics.

From an economic view point, equilibrium stock prices have stochastic volatil-
ity or jump components due to their fundamentals, that is, their dividends or earn-
ings? However, it is difficult to identify or verify the dynamics that the underlying
fundamentals follow, because we do not have the necessary data to carry out the
empirical analysis. Usually, information on economic fundamentals is difficult to
quantify and subject to different interpretatiohén alternative is to assume that
economic fundamentals follow a simple structure but that investors do not have
perfect knowledge of the structure. Therefore, uncertainty about the structure of
the fundamentals, through investors’ learnings, may induce the stochastic volatil-
ity of stocks. This is the common approach that is adopted in several of the recent
studies that have been mentioned. Such studies do provide additional economic
insight, but, the pricing formulae in these models are quite complicated and in-
flexible, and hence they are quite limited in practice. In contrast to the existing
models, the options prices in the model that is proposed in this paper are not only
derived in an equilibrium setting, but are also easy to use in practice. In fact the
resulting option price formulae are simpler and easier to use in practice than those
in most of the reduced-form models

The rest of the paper is organized as follows. An equilibrium asset pricing

2Indeed, this is the approach that is taken by Liu, Pan, and Wang (2005). Presumably, we can
also take the volatility of a stock’s dividend to be stochastic. However, this approach may only
produce what the reduced-form models have achieved, and hence offers little additional economic
insight into options pricing.

3Knight (1964) classifies outcomes that are related to such information as risk with uncertainty,
and contrasts it to the outcome of a poker game, which comprises risk without uncertainty. The
main formalization of Knight's idea about risk with uncertainty is known as Knightian uncertainty
in the literature.



model is developed in the next section. Vanilla European options prices and
the relevant hedging deltas are derived in section 3. The Black-Scholes implied
volatility surface is also studied in this section. Section 4 shows how the price of
a barrier option can be approximated by an integral, and a simulation method to
compute this integral is proposed. Itis also shown that both barrier and one-touch
options can be approximated by closed-form formulae in some cases. Section 5
contains the conclusion and discussions on possible extensions of the model. Ap-
pendix A provides all of the proofs that are omitted in the main text. Appendix

B provides a lemma, which is used in pricing barrier options, for the boundary
crossing probability of Brownian motion and some additional results on barrier
and one-touch options.

2 A Model of Equilibrium Asset Prices

2.1 Setup

We consider a pure-exchange, continuous-time competitive economy over an in-
finite time horizon. Our model is similar to the Lucas model (1978), except that
here investors have different beliefs or models about the structure of a dividend
process.

There is one risky security in the economy, which yields a nonnegative divi-
dend process. The dividend procest) admits the following decompositién

5(t) =0+ | " s(5)6(s) ds + / " os0(s) dZ(s), (1)

whereZ(s) is a one-dimensional Brownian motion asglis a constant. We as-
sume that bothus(t) and Z are unobservable Investors in the economy have
different beliefs about the model that the procgsdollows, which yields dif-

ferent forecasts of current growth rates. In genarglgould follow a wide class

of processes.However, as the focus of this paper is on pricing derivatives in an
economy with heterogeneous beliefs, the most convenient assumption about be-
liefs is the extreme case, in which investors believe the growth rate to be a constant

4The number of possible decompositions is infinite even whgis a constant iZ(s) is not
observable. This is an implication of the Girsanov theorem.
5Some of the possible setups are discussed in Li (2000).
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and know it perfectly. As we will see later, this assumption enables closed-form
solutions for vanilla European option prices and closed-form approximations for
barrier options. Specifically, we assume that there are three investors, or three
kinds of investors, that are indexed by, andp. Each believes thats = .,
wherey,, is a constant fok = i, n, p.

The price of the risky security satisfies thé firocess

S(t) + /Ot5(s) ds = S(0) + /Ot 3 (s)S(s) ds + /Ot 02 (s)S(s)dZx(s)  (2)

from investork’s perspective, and(¢) is the innovation process with respect to
investork’s information set.
There also is a risk-free asset (money market account), the price of which is

B(t) = exp (/Otr(s) ds) ,

wherer(s) is the instantaneous interest rate, which will be determined in equilib-
rium.

As have been mentioned, there are three classes of investors in the economy,
and each investor has the utility function

Uk(t,c) = Eg l/tT e P 1n(c(s))ds

f6<t>] ,

whereF° denotes the information structure that is generated by the dividend pro-
cess, ) is the expectation operator according to invegtsrbelief, andp is
investork’s subjective discount rate. We assume that p,, < p;, which means

that investorp is the most patient and investothe most impatient in the econ-
omy. Investom’s patience lies somewhere in between. Furthermore, invéssor
endowed withw, shares of the risky security, where the total number of shares is
normalized to equal, that isw; + w,, +w, = 1.

5Most derivatives are short-term securities, and thus ignoring the updating or learning effects
of investors on the equilibrium may not have a major impact on the pricing of derivatives.



2.2 Decompositions and Forecasts

Firstletg(t) = In(d(¢)) — In(6(0)) denote the growth rate of the dividend, which
satisfies

g(t) = /Ot (Mg(S) - ;0(%) ds + /Ot osdZ(s), (3)
then

4Z3(t) = —ldg(t) ~ pelt) ], @

which is the innovation process according to invegteibelief.

2.3 Stock Price Dynamics and State Price Densities

The uncertainty about the drift of the dividend process and the heterogeneity of be-
liefs among investors lead to different stock price dynamics or forecasts. Namely,
for investork, we have

S(t)+/0t(5(s)d3:S(O)+/Ot,uf(s)S(s)ds—1—/(;0;3(8)5'(3) dZ(s).

As the stock is a traded asset, in equilibrium fo£ {i,p}, we must have

t t
= [ i8S ds + — [ i 6)nls) —pu(s)]ds + [ 03()S(s) dZe(s)
for all ¢, where the last equation is obtained by using equation (4). This implies, by

the fact that two identical stochastic processes must have the same finite variation

and martingale parts, that
oi(s) = 0, (s) = 0°(s)

and S S
(e (8) = Hn(S) _ i — pin 5, 5)

o9(s) o5




for all s. Based on this observation, from now on the stock price satisfies the
stochastic differential equation

S+ [ ds= [ nis)8(s)ds+ [ o5()S(s)dZils),  ©)
wherey? (s) for k € {i, p} satisfies equation (5).

Heterogeneous beliefs also lead to different state price densities for each in-
vestor. Let 5(4) (5)
pr(s) —r(s
0 ="
K=o

denote investok’s price of risk. Investok’s state price density is then

€u(t) = exp {—/Otr(s) ds — ;/OtQ,%(s) ds—/otek(s) dzk(s)}. )

By equation (5), we have

S) — lpls
Ou(s) — 0,(s) = 1x(5) = pin(5) = 8, (8)
o5
for K = p,i. This relation regarding investors’ personal prices of risk must be
satisfied in equilibrium.

2.4 Optimality and Equilibrium

Equipped with the results in the last section, we now turn to investigate how the in-
vestors choose their consumption plans and portfolios to maximize their expected
utilities.

A feasibleconsumption and trading strategy of investois a collection of
(e, m) = {c(t), m(t) }&° such that the following are satisfied.

1. c¢(t) is nonnegative ang’-adapted and satisfig§ c(t) dt < oo VT > 0.

2. m(t), which is the portion of investdr’s wealth1V/ (¢) invested in the stock,
is Fi-adapted and satisfi®gd” > 0,

[ W) + 1) — O OW Ol de + [ W (00 (0] di < oo



3. ¢(t) andn (t) satisfy the following intertemporal budget constraint

W(t) = W(0) + /Ot W (s){r(s) + m(s)[us (s) — r(s)] — c(s)} ds
+ /0 W (s)m ()05 (s) dZi(s),

wherelV (0) is the initial wealth.

Standard portfolio choice theory, thre martingale approac{Cox and Huang,
1989), applies to each investor’s optimization problem in our model, which trans-
forms a dynamic problem into a static problem. Equivalently, invelsgeks to
maximize

Ex [/Oo e P In(cp(t)) dt}
0
subject to

E, { /0  (t)en(t) dt} < W, (0).

The following results are straightforward.
Lemma 1 The optimal trading strategy for investéris

Ly B (D)
=" smy

and the optimal consumption plan is

cr(t) = pWi(0)g, " (t)e . 9)
Furthermore, investok’s wealth at timel is given by

Wi(t) = e & (t) Wi (0).

Due to the assumption that all investors have a logarithmic utility function, the
individual investor’s optimization problem has a very simple solution. In partic-
ular, the feature that the optimal consumption is deterministically proportional to
an investor’s wealth enables us to compute the equilibrium explicitly.

An equilibriumis a pair of interest rate and stock price processeS) =
{r(t), S(t)}&° such that giverr, S), all of the investors maximize their expected



utilities based on their own beliefs and information sets, and all of the markets—
the perishable consumption good and the securities markets—are cleared. These
market clearing conditions lead to the following.

Define

-1
k:(t) — I‘;[‘;:Ei; — Zj: X g:lglt? e‘(/’k—/?n)t (10)
to be the ratio of wealth between the optimistic and the pessimistic investors. Note
that by (9), we have
i (t)
ci(t)
where)\;, = ﬁ—’c is the ratio of propensity to consume between investoes{i, p}
andn.
Given the optimal policies, the market clearing condition for the perishable
consumption good is

= >\k77k<t)’ (11)

)+ ) +et) = D pWi(0)g (e = 4(t). (12)

ke{in,p}

This implies that

LW (0)

5(1) e Pt (13)

En(t) = [1 4+ Aimi(t) + Apnp(t)]

and that fork € {i, p}

t) = 14
Proposition 1 In equilibrium, the individual prices of risk of investors are
Aini(t)Bi + )‘pnp(t)ﬁp
en t) = - )
(0= = 5 + Ao ()
Bi + Apnp(Bi — By)
97,' t) = )
() =05+ 17 At (1) 4+ A, (1)
ep(t) = o5 + /6]? + Alnl(ﬁp - 61)

L+ Ami(t) + )‘107713(15)7

9



respectively. The equilibrium interest rate is

(>:m+&m@m+Mm@W P+ Nt ps + MmOy
14 Nimi(t) + Ao (t) 14 Ami(t) + Apmyp(2) o

Moreover, the price of the stock is

S@:gﬁ<1+m®+%@

on T + (12)

The equilibrium interest rate is a consumption weighted average of each class
of subjective discount rate of investors plus their estimate of the instantaneous
growth rate of the dividend minus the instantaneous variance of the dividend pro-
cess. When investors share homogeneous beliefs or the same subjective discount
rate, the stock price is independent of the wealth ratibhe reason for the case in
which investors have heterogeneous beliefs is as follows. Recall that in our pure
exchange economy, all securities markets are automatically cleared when the con-
sumption good market is cleared. This implies that the stock price is determined
by the consumption behavior of investors. When investors with logarithmic pref-
erences share the same subjective discount rate, the ratio of consumption to wealth
is the same across all investors. Therefore, due to the fact that aggregate consump-
tion is exogenously given to equal the current dividend, the redistributing wealth
has no effect on the stock price.

When both investors share the same beliefs, the ratio of the state price densities
is equal to 1. Hence, the stock price does not depend on the beliefs of investors
or estimates of current dividend growth rate, because investors are “myopic” with
logarithmic preferences in the sense that they do not hedge on the changes of
investment opportunities. Their beliefs or estimates of the dividend growth rate
only affects the interest rate.

One of the important observations from equation (15) is that the stock price
itself does not follow a Markovian process. Therefore, observation on price only
is not enough to describe the dynamics of stock price; one has to know the distri-
bution of wealth among investors. Because investors with heterogeneous beliefs
employ different trading strategies, the wealth distribution varies stochastically
over time, so as does the stock volatility. This has many implications for the
equilibrium, but, the focus of this paper is the implications for pricing options.
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3 Vanilla Options and Implied Volatility

Bonds and options are redundant assets in this economy, and so we can use the
state prices that are derived in the previous section to price derivatives. The as-
sumption that investors have constant beliefs enables the prices of many deriva-
tives have closed-form solutions.

Definition of wealth ratio (10), relations among prices of risk of investors (8),
and innovation processes (4) imply that (by )

n(T) = m®)exp [~ (pe = o+ 52) (T = 1)+ 5 (Zu(T) - Z,(0)] . (26)
We also know that
5(T) = 5(t) exp K“" _ ;0(?) (T — ) + 05(Z,(T) — Zn(t))] Coan
These two identities implies the following result.

Lemma 2 Suppose that; < 0 and 3, > 0. Then,S(T) > K if and only if
Z.(T) — Z,(t) > y, wherey is the solution to

L+ Xini(t) + Apmp(t)

I T + (0
Lt A0S+ fOn@en K
TEn OO+ A f o << " say @8
where

fulr) = exp [~ (o = pu+ 5 7]
g(T) = exp Kun — ;Ug) T] ’

Given the state prices, we can price any securities with pay@ff using

for k € {1, p}, and

wherer =T —t.

;@Ek [ | )G (s) ds

11
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for k € {n,i,p}. We will use¢, (t) to price the options.In the case of a European
call option, we have
1
Ct) = ¢ g B [SDIS(T) - KTH| F(t)],

whereK is the strike price and’ is the expiration time. Using the state price (13)
and the stock price (15), we can rewrite the call option price as

o) =

(S(t)e_pn(T—t) E [1 + )\1771 (T) + )\pnp(T>
L Ni(t) + Apmp(t) " o(T)

1 14 m(T) + (T AN g
" <pn T (D) + (1)) K) d (t)]
B 6<t)e_pn(T_t)
1+ /\mi(t) + )‘p77p<t) 49
y 14+ n,(T) 4+ n,(T) 1+ Aitti(T') 4+ Apnp(T) " 5
B ( Pn o(T) K) d (t)] '

A direct calculation gives the European call option price.

Proposition 2 Suppose that; < 0andj, > 0. Letr =T — t. Define

] K Yy
72 df = — 2
\/F’ 1 \/? + \/;ﬁk
anddy = dp — /705, ds = d¥ — \/7os for k € {i, p}, wherej is the solution to
(18).
The price of a European call option with strike priéé and expiration time
T > tis then

dy =

C(t, S(8), m(t), (1) T, K)
_ gV (e TN () + (e N ()
1+ n;(t) +ny(t)
e TN (dy) + Aimi(t)e TN (dy) + Apn(t)e PN (dB)
L+ Aims(t) + Apmp(2) ’

- K

’All investors have the same risk-neutral probability.

12



where N (-) is the cumulative distribution function of a normal random variable
with a mean of 0 and a variance of 1 and

e = pr+ fk — 0

for k = p, i is the interest rate of an economy in which only investprevails.
In addition, the bond price is given by
e TnT + )\1771 (t)e—rm' + )\pnp<t>€—7’p’r
L4 Aimi(t) + Apmp(t)

B(t,ni(t),mp(t); T') =
The prices for the put options can be easily derived. Using the faat'ttiat—
P(T) = S(T') — K and the state price, we have

1
Ok

which implies that

1

[&(T)OT) ~ POIIF O] = ¢ B

[&(D)[S(T) = K| F°(1)],

T ()T (H)e T
L () + (1)

Rearranging the terms of the equation yields the put option price

C(t) — P(t) =

S(t) = Bt mi(t), np(t); T) K.

P(tv S(t>7 ni(t)v np(t); T7 K)
e "N (—dg) + Aim;(t)e "N (—d3) + Apny(t)e TN (—db)
L4+ Xni(t) + Apmp(t)
e P TN (=dt) + ni(t)e "TN(=d}) + mp(t)e """ N (—=d])
14+ n:i(t) + np(t)

= K

—5(1)

3.1 Hedging Deltas

As has been mentioned, the dynamics of the stock does not follow a Markovian
process in terms of stock price itself, and is obvious that the options that are writ-
ten on the stock do not follow a simple monotone relationship with the underlying
stock. This result is consistent with the empirical findings of Bakshi, Cao, and
Chen (2000) in the US options markets.

Nonetheless, the options written on the stock can be hedged by using the stock
only, because the wealth ratios are locally perfectly correlated with the stock.

13



Hence, the hedging delta has two parts: one for the movements of the stock caused
by the changes in dividend and one for the stock price changes caused by the
variations of the wealth ratios.

Corollary 1 The delta of the European call option that is specified in Proposition
2is

A S, m(0),m(0): T K) = EC(fs’(f)(;)s’g (;)(t?)?pf;)&)T)’ =
where
Yo(t,S(t),ni(t),ny,(t):; T, K)
e P70, ()N (dT) + mi(t)e P70, (t) N (dy) + mp(t)e "0, (t) N (dY)
L+ mi(t) + np(t)
K

T o 8 (TN () - TN ()

+ Apmp(8) By (€777 N (df) — 77N (d3))
+ Ami () App(£) (8, — i) (€777 N(d§) — e N (d3) )]

= S()

and

Us(tv 771‘(75)7 np(t))

(1= X)m: () Bi + (1 = Ap)mp() By + (Ai — Ap)mi(E)n,(£) (B, — B5)
(14 n0:(t) + mp(O][L + Ains(t) + Apmip ()]

whered, is the state price of risk for investaras defined in Proposition 1.

=05 + (20)

Although options can be hedged by the underlying stock, the deltas for call
options can be negative or greater thardepending on the level of the wealth
ratios. Figure 1(a) is a numerical example that illustrates this point. The key
difference to the Black-Scholes model is the randomness of the wealth ratios.
Although the wealth ratios are locally perfectly correlated with the stock return,
neither the stock nor the options that are written on it can be a Markov system of
the stock price itself and thus the wealth ratios are needed to describe the dynamics
of the stock and options.

It is not surprising that the hedging deltas as calculated by Black-Scholes for-
mula using the implied volatility are different from those that are given in Corol-
lary 1, as shown in Figure 1(b). The poor approximation of the hedging deltas

14
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Figure 1. TheAs for a European call option against wealth ratios. The dot-
ted planes are (a) the zero level; (b) ths of Black-Scholes using the implied
volatility. The strike price and time to expiration are (&)= 0.85 andr = 0.1;
(b) K = 1.1S andT = 1. The parameters are as follows: beligfs = 1%,

pi = —50%, p, = 30%; discount ratep,, = 3%, p; = 10%, p, = 1%; volatility
of dividendos = 7.5%. 15



indicates that the Black-Scholes implied volatility cannot account the full dynam-
ics of the underlying stock in the Black-Scholes model. In general, matching price
levels does not automatically entail the matching of the derivatives of the different
pricing formulae.

3.2 Implied Volatility Surface

We now turn to investigate the properties of the implied volatility surface in this
model. Letp be the current dividend yield, which is defined by

S0 LA A pu O 1D,
PO=50 = Thn@ 0~ dtam i Y

where we obtain the last equality by the definitiomofGiven the current interest
rate in Proposition 1 and the volatility, the call option under the Black-Scholes
model is priced as

Cps(t, S(t); T, K;0) = e "ITS(t)N(dy) — e "TK N(dy),
where

b log (%) + (T(t) —p(t) + %az) T
1 — O'\/F 9

The implied volatility for vanilla call optionsg,, (t; 7, K), is the solution t&

d2:d1—0\/;.

Cps(t,S(t); T, K;om(t;7,K)) = C(t,S(t),n:(t), ny(t); T, K). (22)

The implied volatility for put options can be defined in a similar fashion.
Figure 2 is a plot of the implied volatility surface,,,(t; 7, K), for call op-
tions. It shows that the model that is presented here can generate some of the key

8In practice or empirical studies, implied volatility is sometimes calculated using the slightly
different formula

Cps(t,S(t); T, K;0) = e "ITS(t)N(d1) — B(t, T)KN(da),
whereB(t,T') is the price of the bond mature &t Of course, this is not a strict interpretation of

the Black-Scholes formula when the interest rate is stochastic.

16



s

S 0007
7z

22272

s

s

Z

Expiration

=

2222257
=

=

427727

oz

8

2=

XXXKRRAON NN
SR R
PSSR /160 SSSSSISSSSSIEISAR N /10
AN X G5 SIS KKK
LSS/ SQKBIESSISSEIIIEINKINN \f
S SR KN . SIS SESSELLEILEN i T
RIS /< CARSSSSSIEREISRLNY /
O VA K XX/ i
SISSILEL /1o SR /1
SIS /8 SRR/ 8
2 S g
) SRS S o
= o X
= o =
o o

5%:; initial wealth

(b) 7 = 0.002, 7, = 0.008.

—50%, p, = 30%; discount rates

1%, 223
10%, p, = 1%; volatility of dividend o
17

Figure 2: Implied volatility surface against moneyness and expiration. The pa-

rameters are as follows: beligig

pn = 3%, p;
ratios (a)y; = 0.008, n, = 0.000002



0.13

) R
e
0.1 e
SIRSIIISIETS
RSS2 > =
;9%
0.09 5 SSeseee e
. > SIS2S2STSI5TE St
>3 SSISIIIIIIIeees e
S SSISISISISSS2eTeo
> SSRSISISISISLTT oo
0.08 SETRL S
" ZZ
=
S S
0 07 S2STIIIITIITTAASTT S S S S S e
: D e S S a s e e s
ISIIISISIEIS2SYSIISIEL SS23e53esr 2
5 S e S e 1
. P OSOL SOOI (O SESLSLSCeoooZ .
SEISTSIS ISP SIS SIS
D e e e s 0.2
e e i
D e S e
£ 229258 Le oS
= 0403
B S S e e S et e .
S 05
5 = .
ke 0.6
S .
=
=

A

KGRLLEEL
SOREAETLR
SRS
SRR

5
2
XL
0020 9%
LR
020,
b
0

ZIRRAEEIRALSE

i CAIRAEAXHLR LK
LR,

B %%&mémf’
2 %
g’

O _0O00O0_ o000
oPh kRPN

OO NROONNI O

S e
) S
S

S

(b)
Figure 3: Implied volatility surface against moneyness and expiration. The pa-
rameters are as follows: beligis = 3%, pu; = —50%, p, = 30%; discount rates
pn = 3%, pi = 10%, p, = 1%; volatility of dividendos = 7.5%; initial wealth
ratios (a)y; = 0.00002, n, = 0.0002, and (b)»; = 0.0001, n, = 0.02.

18



LAy
(A7
“'l‘“‘z‘z‘z;ll,,,
B
ll,'ll,"ll""
LA AL
0

0.12
0.1
0.08
0.06
1
(@)
<X S
0?‘ .

0.28 SR
0.26 ZESEEN
053 S8 N
0.22 NN
0.2 czgviz'izgzi’&&&
0.18 A ENN

77 ',,l','tl,'o.g,\\\\
ot .
' 77
0.12
0.1 555
0.08 ¢ 0‘:‘&:“::::3

1 S 0.8
0.9 R 085

(b)
Figure 4: Implied volatility surface against moneyness and expiration. The pa-
rameters are as follows: beligis = 1%, pu; = —50%, p, = 30%; discount rates
pn = 3%, pi = 3.2%, p, = 2.8%; volatility of dividendos = 5%; initial wealth
ratios (a)y; = 0.002, i, = 0.005, and (b)y; = 0.1, n, = 0.1.

19



features that are well documented in the empirical literature on real-world options
markets. When the patient investor, who is also optimistic, holds a relatively small
portion of wealth, the implied volatility smile is pronouncedly downward sloping
and becomes a smirk. When the patient investor holds a relatively large portion
of wealth, the implied volatility smile becomes more symmetric. Figure 3 shows
a similar plot, but with a low relative wealth holding by the impatient (or pes-
simistic) investor. In this case, we have a flat volatility smile near the money, and
a strong positively skewed volatility smile when the patient (or optimistic) investor
has a higher relative wealth. These plots indicate that the shape of the volatility
surface is determined by the relative distribution of wealth among investors.

These properties of the volatility smile seem to fit some casual empirical ob-
servations well. In the stock market, the fear of crash seems to be a dominant
factor, and thus the pessimistic (impatient) investor dominates the optimistic in-
vestor. This means that the negative skewness of the volatility smile occurs more
often. However, in a currency market, both optimistic and pessimistic investors
are present, and thus the U- or V-shaped volatility smile dominates.

The term structures of the implied volatility in Figures 2 and 3 are downward
sloping in general. However, as shown in Figure 4, the term structures that are
generated by the model can also be upward sloping or hump shaped. In this case,
the time preferences of investors are quite close or the same, and the slope of the
term structures can be quite high when the wealth ratios of the pessimistic and
optimistic are relatively high.

In summary, the shape of the implied volatility surface depends on the time
preferences, beliefs, and relative wealth of investors. The numerical examples
show that the model can generate quite a variety of implied volatility surfaces
that are consistent with empirical observations, such as those shown by Das and
Sundaram (1999) and Derman (1999).

Another interesting observation from these plots is that the beliefs of both the
pessimistic and optimistic investors are quite extrérbat the wealth ratios are
quite small. This means that it is not necessary for the extremely pessimistic and
optimistic investors to hold significant portions of the aggregate wealth to replicate

%In Garcia, Luger, and Renault (2003) (page 69), the estimated mean growth for the “crash”
state is extremely negative (-32%) with a relatively high probability (11%) in the empirical esti-
mation of their model using S&P 500 option price data.
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the observed patterns of the implied volatility surface. Indeed, the wealth of the
extreme investors is very small in the numerical example. This makes the model
more plausible.

The instantaneous stock volatility;,® that is given by equation (20) varies
with wealth ratios but lacks of any dramatic characteristics, and almost represents
a plane when both wealth ratios are in the rang&of.1). Options significantly
“amplify” the future variations of stock volatility through changes in the wealth
ratios?

In a comparative static sense, the implied volatility surface is dependent on the
difference in beliefs and time preferences of investors. Dynamically, the wealth ra-
tios are stochastic processes, and change over time, so as does the implied volatil-
ity surface. Hence, any shocks to the fundamental will result in changes to the
implied volatility surface.

4 Barrier Options

It is usually difficult to obtain a closed-form solution to barrier options except
with the Black-Scholes model. This is also true for the model in this paper, but
as shown in the following, our model yields tight closed-form bounds for barrier
options under certain conditions, and in general the pricing bounds can be made
to converge to the price using simple numerical methods. The reason for the ease
of pricing barrier options in this model is the occurrence of deterministic barriers
of Brownian motion, which are equivalent to constant stock barriers.

Let b(s) be the solution to equation (18) fér= ¢ + s and K = S, wheresS,
is the barrier that is based on the stock price. Thgn is the equivalent barrier
that is based on the innovation procésgt + s) — Z,(t) according to investor
n’s belief. The slope ob(s) has constant upper and lower bounds that are shown
by the following lemma.

Lemma 3 For a constant barrier that is based on the stock price, the equiva-
lent barrier that is based on the innovation proces&esb(s), is a deterministic

10The future volatility does not feed back to the current volatility due to the assumption of
logarithmic preferences. For general preferences, we should expect some feedback effects through
investors hedging demands.
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function of time and satisfies

Ob(s)  osh+¥i(s,b(s))l; +X,(s,b(s))l
max{h,l;, [,} > = ;

P> min{h,l;,1,},

Os o5 + Xi(s,b(s)) + 2p(s,b(s))
where
£ (s.b(s)) — Bi (1= X+ (A = X fp()mp (1)) fi(s)ms(t)e?)
(1 +Zk€{zp} /\kfk?( )Uk(t>66’“b 8))(1 +Zk€{1p} fk( ) ( )eﬁkb(s))
= (5.005)) — (1= 2+ (i = ) Fil)mi(£)e0)) £ (s)mp ()b
R (s Swrs WAB TNt [ R Sy A TROTEe)
d
" e T
o " B ’

for k € {i, p}, whereb(s) is the solution to (18) by settirif = ¢+ s and K = S,

The fact thab(s) is a deterministic function of time makes the pricing of bar-
rier options much easier. Several numerical techniques are available to approxi-
mate the prices of barrier options, such as the hazard rate approximation that is
proposed by Roberts and Shortland (1997) and the piece-wise linear approxima-
tions of Wang and Potzelberger (1997 \We use the latter method to approximate
the prices of barrier options in this paper.

Let0 = sp < 81 <,... < 8, = T — t and bothb? (s) andbl,(s) be linear
functions on each of the intervals;_;, s;] such that!, (s) < b(s) < b (s) for
all s € [0,7 — t]. The pricing bounds are accessed by piece-wise linear bounds
that either have closed-form solutions or can be easily calculated by numerical
methods. Consider a special case of “barriers” that depend directly on the Brow-
nian motionZ,. For example, the payoff of the European “barrier” call option
is (S(T) — K)* or 0, depending on whethef (s) = Z,(t + s) — Z,(t) hits a
piece-wise linear barridr,,(s). The pricing equation (19) implies that the price
for an up-and-out call option is given by

d(t)ePnT
L+ Aimi(t) + /\pnp(t)

potzelberger and Wang (2001) also develop a similar linear approximation for double deter-
ministic Brownian barriers, which can be used to price double barrier options.

C7(t,5(8),mi(8), np(); T, K bm) =

En | 1iz(s)<bm(s),s<r}
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L+ n:(T) + np(T) 1+ Aii(T) + Apnp(T) '
< (2 sy )

wherer = T — t. As shown by Lemma B.1, the probability density function
of {Z(s) = Z,(t +s) — Zn(t) < bn(s),s < 7 =T —t} depends only on the
joint distribution of the Brownian motiox atm turning points(sy, ..., s,,). This
observation yields the following proposition.

f‘%t)] , (23)

Proposition 3 Given a piece-wise linear barrieb,,(s) as previously defined,
then, ifb,,(0) > 0, then the price of a European up-and-out call option with a
strike price K and a barrierb,,(s) such thatZ,,(t + s) — Z,(t) < by,(s) is

Ogo(t7 S(t)v ni(t)7 np(t); T7 K; bm)

—  ,—PnT 1+ ni(t)fi(T)eﬁﬂm + np(t)fp<7>eﬁpxm
1+ N (b) fi(T)ebimm 4+ Nom, (¢) fo(T)eProm )
1+ An(t) + i (g(remsen ) 4 29

wherep(z, b,,) is as defined in Lemma B.2 andb,,, = (b,,(s1), ..., bm(s,,)) " are
m-dimensional vectors; is determined by equation (18), arfd for £ € {i,p}
andg are as defined in Lemma 2.

The formula given by equation (24) is quite easy to calculate either by numer-
ical integration whemn is small or by simulation. It turns out that the simulation
is easier to implement by using a slightly different density function b,,). That
is, by change of variable = b,, — 7, p(x,b,,) = p(Z, b,,), wherep is as defined
in Lemma B.1 and: is anm-dimensional normal random variable with a mean of
b, and a variance matrix 0 = M diag(s; — sg, ..., S, — Sm_1)M ", and M is
lower triangular matrix with nonzero elements that is equal.td@ he price of a
European call barrier option can then be approximated by averaging

. 0% i 17
A@) = lgn<omm-n 1 L0 (1 — exp [—MD

j=1 S5 — Sj-1
,61 bm('r CIfm ﬁp bm(T) im)
e (LEMOL) Fa(0)fy(r)e s
1+ ni(t) + 1p(t)
1 m. ﬁz(bm(T) mm) ﬁp(bm 7') Z‘m)
1D F A (D(r)e & e
[1 4+ Ximi(t) + Apnp(£)]g(7)es O () =)

24



over a sample of draws, whefig = b,,(0) and all other relevant variables and
functions are as defined in Proposition 3. When using simulation to estimate
integral (24) byA = >, A(27)/N, the standard error of this estimator is given by
(see Wang and Potzelberger (1997))

J %, [A@) - AP (26)

(N—ON

wherez’ is the jth sample ofr and N is the sample size. This enables the as-
sessment of accuracy when using the simulation to approximate barrier options
prices.

As for the case of vanilla options, this pricing formula also enables the imple-
mentation of a simple formula for the hedging delta of barrier options.

Corollary 2 The hedging delta for the special barrier options that are described
in Proposition 3 is given by
E%O(ta S(t>7 i (t)v np<t)7 T7 Ku bm)
S(t)os (t,mi(t), 1mp(t)) ’

where
N7t S, mit), np(t); T, K by) =

—pnT (7 (14 Shcrin (L) fi(7) B Crn()=En)] 5
o Pn /1{57,51;,,”(7)—@}]?(%bm) [( ke{ip} :

1+m)+%@
S et pp Lo (7)€ Om =) — X, In (1) B,
D+m@+%UH+&mW+M%®]
DI i 0,50 5
1+ 7h<t) + 77p( L+ Nima(t) + )‘pnp(t>]
(Zke{zp} Xl fi (7)€l bmT)=Em) — ], (£) 5y
[1+ Ximi(t) + Apmp (8)]2g (1) €8 (0 (1) =m)
Aidp [ fp (7)€ O (1) =Em) — £ (7)ePibm (D) =Em) ) (t) () (Bp — @)) 1 @i
[L+ Ximi(t) + Apmp (8)]2g () €8 (b (1) =m)

anda®(t,n;(t),n,(t)) is as defined in Corollary 1.

_|_
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Figure 6: Up-and-out European call option price and delta upper bounds against
wealth ratios. The parameters are as follows: beligfs= 1%, u; = —50%,
u, = 30%; discount ratep,, = 3%, p; = 10%, p, = 1%; volatility of dividend
os = 5%. Strike price:K = 1.15; expiration:T = 1; barrierS, = 1.25. Plot (a):
price, (b) delta.
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Figure 6 plots the upper bounds of the prices and hedging deltas of a barrier
option under different wealth distributions. The numerical calculations are car-
ried out by setting a relative tolerance @1 % between the true barrier and the
approximated piece-wise linear barrier. The sample size of the simulation is half
a million. The lower bounds are very similar. The relative differences between
the upper and lower bounds are very small with a meah 1% but the standard
errors that are caused by the simulation are relatively large with a meag%%f
This indicates, roughly, that the simulation size has to be increaséd times,
that is, to32 million, to make the standard error that is caused by the simulation
match the error that is caused by the piece-wise linear approximation of the non-
linear barrier. Keep in mind that the relative tolerance for the piece-wise linear
approximation is very easy to achieve, and that the main obstacle to gaining price
accuracy is the simulation size. However, this will not cause a serious problem,
because the simulation is for a multivariate normal random variable.

For the case ofn = 1, the pricing formula in Proposition 3 admits a closed-
form expression, which is able to provide tight price bounds for barrier options
under certain conditions. This closed-form formula can also be used to calculate
the hedging bounds.

Proposition 4 The price of an up-and-out European call option with a strike
and a special barrieb; (s) = o + us such that, (7) > y is given by

C (@, S(E),mi(t), mp(t): T, K v, pu)
= C(t,5(t),m(t),mp(t); T, K) = C(t, S(t), mi(t),mp(t); T, K o + 7, 0)
—e PO, S (), mi(t), mp(t); T, K 4, )
= Cy(t, S(8),m(t), mp(t); T, K;a + pr, )]

where

+ Y mp(t)e TR N <2a+6k7 _yﬂ
ke{i,p} \/?

Ke=2a9s [ a7 (204—057’—y>
p— e n
L+ Ximi(t) + Apmp (1) VT
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- 200+ (B, —o5)T —y
+ Z Aknk(t)e TkTJrQaﬂkN ( s
ke{i,p} \/F

wherey andr,, for k = i, p is as defined in Proposition 2.

This special barrier option provides lower and upper bounds for the barrier
option prices with a constant barrier on stock price.

Similar to the barrier options, we can also find the bounds for an American
type one-touch option price.

Proposition 5 For a linear touch barrier, (s) = a+pus, the price of a call option
that pays$l at the moment when the barrier is reached4yyis

C (t,mi(t ) p(t); T s )
_ (utos)a la‘\/m]\f (\/(u—l—aa)2—|—2rn7— |a\)
L+ Ami(t) + Apmp (1) VT
~(u+os)atlal/(utas)+2ra V(i + 05)? + 2,7 + ol
T (6 + () <_ VT )
A (n+05—Br)a—lalV/Ay o — la
e Wﬁ)m( D @ (\/_k\/? | ’>

N Z e (e (u+oa—ﬁk)a+\alw\7N B VAT + ||
ke{ip) L+ Aims(t) + )‘pnp(t) VT

if both (114 05)% +2r, and Ay = (u+0s— Be)*+2ry, for k € {i, p}, are positive.

+

This closed-form formula can be used to approximate the prices for one-touch
options if the touch barrigi(s) that is based on a constant strike has tight linear
bounds.

Figure 7 plots the linear barrier bounds that are calculated by the formula in
Proposition 4 for several examples. For these conditions, the stock bgsiés
either concave or convex. In light of Proposition 5, one-touch options prices can
also be bounded by the prices under the linear barriers.

We also use these price bounds to evaluate a common practice in pricing bar-
rier options. Because the price for an up-and-out barrier option does not have a
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Figure 7: Up-and-out European call option price and delta against wealth ratios.
The parameters are as follows: beligfs= 1%, p;, = —50%, 1, = 30%; discount
ratesp,, = 3%, p; = 10%, p, = 1%; volatility of dividendo; = 5%.

monotone relation to its underlying’s volatility in the Black-Scholes model, some
practitioners use two implied volatilities to price up-and-out options: the implied
volatility for a vanilla call with the same strike price and the implied volatility
for a liquid one-touch option with the same stock barrier. As the price for an up-
and-out option equals a vanilla call price minus the price for an up-and-in barrier
option. The call price is valuated by using the first implied volatility and, the “in”
option is valuated by the one-touch implied volatility in the Black-Scholes model.
For our numerical examples, there are two implied volatility bounds that are based
on the two price bounds for the one-touch options. Such bounds for up-and-out
prices are labeled “implied bounds” in Figure 7.
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Figure 7 shows that the price bounds for barrier options are quite tight. Any
other barrier option with an expiration that is shorter than those in the examples
has even tighter bounds. Therefore, the closed-formulae given in Propositions 4
and 5 can be used to price such barrier and one-touch options. In addition, the
bounds for hedging deltas can also be bounded by closed-form formulae, which
are given in Appendix B.

The practice of using two implied volatilities to price up-and-out options does
not seem to work well, especially for in-the-money options. This is another in-
dication that the implied volatility does not fully account the details of stock dy-
namics.

5 Conclusion

This paper studies option pricing by deriving the underlying asset price in an equi-
librium model. Although options are redundant assets and can be hedged by the
underlying asset only, the equilibrium asset price dynamics do not admit any exist-
ing reduced-form option pricing models. However, option pricing for both vanilla
and certain exotic options in this model is straightforward, and simpler thanitis in
most of the reduced-from models, such as stochastic volatility model. The hedg-
ing strategies are also straightforward in our model. However, the option prices in
this model are not trivial, and share the major characteristics that are observed in
various options markets.

Although option pricing is presented in the context of the stock market, the
model can also be applied in other options markets, such as the currency options
market, because of the ability of the model to generate various smiles of implied
volatility — both symmetric and asymmetric — and different term structures of
implied volatility.

There are several ways to extend the current model. Adding more classes of
investors appears to be straightforward if richer price dynamics are needed. The
pricing other exotic options is also plausible and interesting. A more challenging
vein of future research might be to study the implications of margin requirements
for both the underlying stock and options. Of course, the ultimate test of an op-
tions pricing model is to examine its empirical performance. We leave this task to
future research.
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Appendix A: Proofs

Proof of Lemma 1

These are standard results. O

Proof of Proposition 1
The definition of state price (7) and optimal consumption plan (9) imply that
dey(t) = (t) (—pw+7(t) + 03(1)) dt + c(t)0k(t) dZi(t)
= (1) (—pr+ () + O2(t) — Bubi(t)) dt + ch(t)0k(t) dZ, (1),
Using this, an application of thedt_emma to (12) shows that

ke {n,iky Aok (t) _ do(t)
Dkefniky CE(t)  0(1)

Noticing that the expression for consumption ratios (11) &nek 1, n, = 1 leads
to

Skeinik MMk (t) (—pok +7(t) + 02() — Brbi(t))
D kefnii k) MMk (1)

= i
and
Zke{n,i,k} Ak ()0 (2) B
Skefmiky ()
Using (8), we can first solve (), thenr(t).
For the stock price, it is trivial by the recognition that

St)= > W)

ke{n,i,p}

by the clearing conditions in the securities markets. Using the clearing condition
for the good market (12), we have

S(t) _ Zke{n,i,p} Wk <t> .
5(t) Zke{n,i,p} Clt (t)
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Finally, using the definitions of wealth ratio (10) and consumption ratio (11), we

have
St)  Walt) Zhepnimy M) 1 Tiegnip MW(t)

5()  n(t) Shetnip M) P kepnip Mek(t)
This is the stock price that is stated in the proposition. O

Proof of Lemma 2

Lety = Z,(T) — Z,(t) andT = T — t. Substituting equations (16) and (17) into
stock price expression (15) then yields

1 1+ﬁ@>@k®+f()<km’g
Pn 1 + N fi(T)ni(t)ePiv + N, fo (T)mp(t) Py

From this, we have
OS(T) 1 1+ AD)m(e™ + f(r)m ()
S B W Yo A TR WA G PR
% (0'5 n Zke{z p}( - )‘k)fk(T)T/k( )egkyﬁk + ( i Ap)ﬁz( )np(t)(ﬁp - 51))
1+ Chegipy MLe(mme®)e?] [T+ Sieqipy felr)me(t)etv] )
which is positive for ally € R when3; < 0 andg, > 0, becausé — \; < 0 and

1—X, > 0. Thatis,S(T') > K ifandonly ify = Z,(T) — Z;(t) > y, which
solves

S(T) =

(1)d(t)e”?.

(T)o(t)e  (27)

R K YO TR A YO
b TSI N fy () (D)o

Using stock price expression (15) again shows that the foregoing equation is
equivalent to equation (18) in the lemma. O

(7)8(t)e = K.

Proof of Proposition 2

Rewrite equations (16) and (17) as

me(T) = nk(t)fk(T)eﬁk(Z“(T)fz”(t)), §(T) = 5<t)g(7.)eoa(Zn(T)on(t))_
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Substituting these identities into pricing equation (19) and using the fact that
Z,(T) — Z,(t) follows a normal distribution with a mean ofand a variance
of =T — t means that Lemma 2 implies that

o) = 5(t)efpn(Tft) 1 /;o <1 + X kelip nk(t)fk(T)eﬁk’x

L+ () + Ao (@) Vamr o
L Skeqipy M (t) fr(7) e
d(t)g(T)eos®

K) e 5dr.  (28)

Using the identity
L [ e -2 VT J—nT
e dx = — | N |- 29
\/2777'/1,/ © ! exp( 2 ) ( \/F 7 ( )
we have

1 /°° 1+ Spegip Me(t) fu(T)e
2T Jy Pn

B 1+ Zke{i,P} /\knk(wfk(T)eﬁka efgdx
d(t)g(T)eos®

P e ()
- 5(;;(7) lexp (cyiT) N (_ﬂ t/;ﬂ>

+ > () fu(7) exp (W) N (_gj — (B — 05)7>]

j

ke{ip} 2

“nl ) p e ()
s | ()
where the equality is obtained by the definitionsfpfg, andg,. This shows that
O = s o [e"’”Nu?) > m(t)e-WN(d’f)]
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K
— e TN (dy) + Aene(t)e N (d5) | -
L4 keip et (t) ’ kG%;p} i

Using the expression of the stock price then yields the call option price that is
stated in the proposition.
Finally, the bond price is a direct calculation gf;; E,[£,,(T')| 7 (¢)]. O

Proof of Corollary 1

It seems to be messy to work directly with the option price. Instead, it is quite sim-
ple to work with the formula that is given in the proof of Proposition 2. Rearrange
equation (28) as

e T o (14 hetip Uk(t)fk(T)eﬁkm
cit) = — o(t
( ) VorT Jg < )On[l + Zke{i,p} /\knk (t)] < )

1 Ykegip Mt (D) fr(m)e ) 5 dx
[1+ Zkze{i,p} Neni ()] g (T)eos® .

Note that the partial derivative 6f(¢) with respect tgy equals 0, though depends

on n;(t), n,(t), andé(t). Using I©’s Lemma and ignoring the drift term, the

diffusion term of the option is then

Yot S(t),mi(t) le K)
e nT 1 + Zke{zp} M (t) fie (7)€%
[ g ( 1+ ke iy Memie ()] o30(t)
ke fip Lfi(T)e? " — )\k]nk(t)ﬁké(t)
Pl + Xhegipr Mk (t)]?
i fo (7)€" = Ny fi(7) e ns(t)p () (B, — Bi)é(t)
Pull + Xkeqipr Mne(t)]?
 Dkeqipy Mlfr(r)e? — mi(t) B
(1 + Pkegip Mne(t)]2g(7)e7s®
. )‘i/\p[fp(T)eﬂpx - fi(T)eﬂix}ni(t)np(t)(ﬁp — ) > 7§ ]
1+ Shcpm M OPg(ress )T

2T

+

+

:e—w{p[ o) [05 (N(d?>+ > m(t)fkv)e"fw(d’f))

1+ Zke{i,p} Aknk(t” ke{i,p}
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! ?T kY _ n
EEES R wATIP PR (fk“)@ N(d) w(czl))

ke{ip}

w065 () ey 2
OG0 (1o an) - e )

K 7765)27 k
L S Ao (D]9(7) Le%:p} k(eI (f K(7)e N(dz)

= AN~ 8) () =N E) - e
_ S(t) ot _ kelip) Aeni (1) Bk ) .
1+ Sheqipy e(t) [e ' <06 L+ Y keqipr Arie(t) Ndi)

ot Bi + )‘pnp(t) (B — Bp) i

Termt) (06 - L+ Ykeqip Arie(t) > Nd)

—ppT ﬁp + /\znz(ﬁp - ﬁz) D
re) <05 TS () ) N(d”]

[+ Zke{'K} At (£)]? { > ()i (e TN (d5) — e TN (dg)

ke{i,p}

+ A (DA (D) (B, = 3:) (€77 N(dy) — e "N (ds) )|

where we use identity (29) in the proof of Proposition 2 to obtain the second
equality and use the definitions ¢f, g, and the stock price to obtain the third
equality. Then, by the definition of the delta of the option (the ratio of diffusions
between the option and its underlying stock) yields the result. a

Proof of Lemma 3
Taking the derivatives of both sides of equation (18) with respectjields
ob(s)
g§ < 88 — h)

+ B <ab( ) — l> (1 =i+ (A — /\i)fpnpeﬁpb) fimelit
Ao ) (Lt ke iy Mefumne®) (1 + Ciegipy frme?)
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=0.

Lo (36(5) —l ) (1 — A+ (A — )‘p)fmieﬁib) fompe™”
"\ 0Os P) (14 Sheqip Mefenee®) (1 + Sregipy fenee?)

Rearranging terms gives

Ob(s)  osh+ %i(s,b(s))l; +3,(s,b(s))l,
N b(s)) + Ep(s,0(s))

0s os + Xi(s,
As bothos andXy, for k € {i, p} are positive, the lemma follows. O

Proof of Proposition 3

After noting thaté(7"), n,(T) for k € {i, p} can be rewritten as time to expiration
T andx,,, the result is straightforward by applying Lemma B.1 to the expectation
in pricing equation (23).

Proof of Corollary 2

Following a similar method as for the case of vanilla call options, we have
X7 (8, S(8),mi(t),mp(t); T, K b) =
_ - 1+ Y qipy M (t) fio(7) Pk Om () =Em)
e 7 1:(:m mT—pmvbm< :
/ {on <) ) Pl + Xhegipr Mnk(t)]
| Zietinfilr 7)elEm@=Em) — NI (t) B
[ + Zke{z D} )‘knk( )]
L Dafp(r)etntmin) = A il )e‘* O (0= 2) s ()0, () (8, — Bs)
[ + Zke{z D} >\k77k( )]2
 Skefipy Mele(T )eﬁk(b’”m ) — 1 () By
[1 4+ Xgegipy Menw(t)]2g(7)eosOm(T)=Em)

AL — ()OI ) (8)(5, — ) . )di
(1 S o WD) g (7)ol -on) |

Rearranging the terms and using the expression for the stock price in Proposition
1 yields the result. O

0'5(5(15)

5(t)

o(t)

K
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Proof of Proposition 4

From equation (23), the pricing of the option means the calculation of

L+ Ykeqipr Me(T)
Pn

LA Yheqipy Mene(T) K) +‘ J,:-(s(t)] ‘

I = E, l1{2<s><b1(s>,099}<

o(T)

Since bothn, (7)) and §(7T") are functions of time and’,,(T") — Z,(t), the cal-
culation of the foregoing expectation is straightforward if the distribution density
function of Z,,(T') — Z,,(t) is known. By Lemma B.1 or equation (36) in Appendix
B, the probability density function of (s) = Z,(t + s) — Z,,(t) is p(z, b;), and

we then have

1+ ; T 1+ o eme(T) \ 7T
I:/< Lhetip) M(T) 14 Fhegip Ml )K> o, by)d

P o(T)
L et (1 ety (1) 1+ Ckeqipy A (T) o2
=— / — K |e 2dx
VaonT Pn o(T)
e~2ap  ratpr (1 + Zke{i,p} Tk (T) 1+ Zke{i,p} )‘knk<T) _(@=2a)?
— — Kle 2 dzx
vV 2rT y Pn 5<T)
1(7,0) = I+ pr,0) — e [I(g, @) — I (o + p7, )]
where
I(y,a) (30)
1 /OO L+ Ygeip () 1+ Ehepin )\kﬁk(T)K e
2rT Pn o(T)
1 oo (1 + Dkegip) WS 14 Theqip) Miefue™” > (e=20)
/ K|e dx.
v 3 S(D)g(r)ers

Integrall(y,0) is calculated in the proof of Lemma 2, and the other integrals can
be calculated by using the following identity for any constaaindy.

727'+4ow> N <20z—|—77 —y) .

2 VT

(z— 2a)2

e”’ 2r d;z:zexp(

\2TT
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Then, for any consta@t anda

) 27r7'
1+ Zke{z p} M fi(T)e™ 14+ Fepip) /\knkfk(T)eﬁka eSS
6(t)g(r)ems”
1 200 — ﬂkf+4aﬂk 200+ BT —y

K ortacs (20— 05T —y
- € 2 N|———M =2 A -
o(t)g(7) [ ( VT ) + ke%;p} KMk (1) fr(T)

(5k_06)27—42-4a(ﬂk—05)N 20 + (ﬁk - 0-6)7— -y
NG

1 2a 20+ Gk —y
= — N + 7714: ﬂn Pk T+2aﬁkN (

K [ otz (20— 057
500 v

+ Z )\kT]k(t)e(Pn—Pk—Mk+U§)T+2a(ﬁk—o—é)N (2@ + (By — 05)T — y)] |
ke{i,p} JT

where the last equality is the direct implication of the definitiong,0fy, and,.
Let

Cy(t, S(t),ni(t),n,(1); T, K3y, )
d(t)e=PiT

- T 31
L+ Ykeqipy Aern(t) v.2) (1)

S(t) l —pnT N <20é—y>
L+ Ykeqipr M(t) ‘ VT

+ > m(t)e TRl N (2&+6k7 —y)]

X e

ke{ip} VT

Ke2a0s [ —rar (2a — 05T —y)
J— e n
1+ Zke{i,p} )\]J}k (t) \/F

+ D Nap(t)e ETTRR N (2& + (B —05)7 = y)] ,
ke{i,p} \/F
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wherer,, for k = n, i, p is defined as in Proposition 2.
Given the results, we have

C7(t, (), ni(t), mp(t); T, K o, )
= Ozt S(t),m(t),ny(1); T, K;9,0)
— O, 5(t),mi(t),ny(1): T, Ko+ pur, 0)
e 2Oy, S(t), mi(t), mp(1); T, K9, )
= Cg(t, S@),mi(t),np(); T, K o + 7, )]

Combining this with the fact that
Cz (8, 5@), ni(t), mp(t); T, K39, 0) = C(t, S(£), mi(t), mp(t); T, K)

leads to the conclusion. O

Proof of Proposition 5
Let Z(s) = Z,(t + s) — Z,(t). Then,
inf{s > 0|Z(s) = a + ps} = inf{s > 0|Z(s) — us = a}.

From Karatzas and Shreve (1991) (see page 196-197), the probability density
function of the first touch time is

The one-touch digital price is then
Cy(t, m( ) np(t); T, )

= /$Ht+s

(1) [1+ Xregipr Mnk(t + s)]e™*

RS Aknkm/ 5t + 5) pls)ds

—O0sQx
e [

— T (ratio2tosu)s d
= e S)as
1+ Ykegipy Ak () /0 2

(Br—os)a r ) ,
+ Z Aknk(t)e k=05 / 67(7’]@4’5(06*,87@) +(057ﬂk)u)s¢(s> ds,(32)
wepip) 1 Xretip Arni(t)
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where we us&,,(t + s) — Z,(t) = o + ps whenZ(s) hits the barrier.
Since, for anyy > —u?/2, we have

T af (o + ps)?
e —e — d
0 \V 2ms3 *P 2s
Y L a2y
0 V2mrs3 2s
_ pon—laly/iP 2y /T 1lal + V2 +27s exp |- (lol = Vi +298)*|
0o 2 V2rs3 2s
4 ontHaly/iE 2y /T 1lal = V2 +2vs exp |- (Jol + V2 +2y5)°|
0o 2 /2183 2s
_ e—au—|oz|\/,u2+2'yN V luz + 277— - |OZ|
NG
| emantalyiEy (_VIEH 2T+ o]y (33)
VT
Substituting
1
*y:rn—i-gag—l—o(gu
and .
V=Tt 5(05 — Bu)? + (05 — Bi)
into (33) yields the result. O

Appendix B: Auxiliary Lemmas and Further Results
for the Pricing of Barrier Options

Appendix B.1 Crossing Probability of a Brownian Motion for
a Piece-Wise Linear Barrier

LemmaB.1 Let0 = sy < $1...8,m—1 < s, = 7 andb,,(s) be linear functions of
on each of the intervalg;_;, s;] for j = 1, ..., m. The probability density function
that a Brownian motior?(s) does not cross barrieb,,(s) forall 0 < s < 7 is
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then

p(z, bm m) 11 (1{bm )>0} Lizj <bm(s;)} + 1{bm(0)<o}1{x]->bm(sj)}) ;
7=1
where
1 2[bi(sj-1) — xj-1][bm (s;) — ;]
U(x,by) = <1 — exp [— J Z J J
jl;[l 85 = Sj-1
1 e 1)?
X exp [(xj %) ] , (34)
27'('(8]‘ — Sj—l) 2($j - Sj—1>

whereby = b,,(0), by, = (b (51)5 s bin(5m)) Ty o = 0, 2 = (21, .00y 7))
Letz = b,, — =. The probability density function that(s) does not cross the
piece-wise linear barrieb,,(s) for 0 < s < 7 is then

P(T,br) = (T, b H (l{bm y>01 Lz, >0y + Lip (0 )<0}1{z]<0})

where

-~ 1 e 20, 12
Y(E b) Jdet27%) ; 1;[ =0 ( o l Sj — Sle

X exp [ (7 = bm) "2 71T - bm)} ; (35)

2

wherez, = b,,(0), ¥ = M diag(s; — 50, ..., S;m — Sm—1)M ", and M is the lower
triangular matrix with all nonzero elements equal to 1.

Proof: See Wang and Potzelberger (1997). O

In the case ofn = 1, letb,(s) = a + ps. Then,b;(0) = a andb; = a + pur.
Substituting these into equation (34) yields

p(.ﬁlﬁ, bl) - (1{a>0}1{x<a+,u7—} + 1{a<0} 1{x>a+w—}> ¢($7 bl)a

U(x,by) = 217TT [exp <;i> — e 20 exp ((33—27—2a)2>] 7 (36)

where we have used the fact that x, for the case ofn = 1.

where
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Appendix B.2 Pricing Other Barrier Options

There are basically four kinds of barrier option with a single barrier: down-and-in,
down-and-out, up-and-in, and up-and-out. The payoff for an “out” option is

1> G(S(T), K) ifthe barrier is NOT crossed
0 if the barrier is crossed,

C(S(T), K) = {

whereG(S(T), K) is a vanilla European option with a strike priéé The “in”
option is defined in the opposite way. The immediate implication of these defini-
tions is that
G%(S(T),K)+ G%(S(T),K) = G(S(T), K).
This means that
VZ () + VZ(t) = V(1). (37)

This shows that the “in” options can be priced by the relevant “out” options and
vanilla European options. The prices for up-and-out options are given in the text,
and those of down-and-out options are given by the following lemma.

Lemma B.2 The price of a down-and-out call option with a constant barrier
based on the innovation procesgs) = a + s is given by

CE(t,S(t),mi(t), mp(1); T, K v, pu)
Cy(t,S(t),ni(t),n,(t); T, K; e + pr, 0)

—e 2ROt S(),n(t),mpy(); T, Ko+ pr,0) g < oo+ pr
Co(t, S(t),mi(t), mp(t); T, K39, 0)

—e 2 RCY(t, S (), ni(t), mp(1); T, K39, ) g > o+ pr,

whereC%(t, S(t),n:(t), n,(t); T, K;y, «) is defined as in Proposition 4.

Proof. Since the distribution of (s) = Z,(T") — Z,(t) conditional on the barrier
not having been hit up to tim& is p(z,b1) = lsaqur¥(@, br), Wherey is as
defined by equation (36), we have

1
AR E; [6(T)Ga(S(T), K)Liz(9501(5)0<)

§(t)ePnT /oo (1 X (T) 14+ Mm(T)
L4+ Xemi P o(T)
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Cy(t) =

Fo(t)]

n
— K) Y(z,by)de =

a+put



S(t)e PnT e <1+Z m(T) 1+2:§z\;;7k(T) K) W(x,b))de §< a4+ pur

+puT Pn

L+ 22 Ak Iis (HZ”’“(T) — HZ(S(AY";;”C(T) K) Yz, b))dr  §>a+pur

Pn

o dt)e T | I(ao+ pr,0) — e (a4 pr, ) § < oo+ pr
T+ ek | L(5,0) — e (g, ) y>a+pr,

where the last equality is obtained by using the identity (30) in the proof of Propo-
sition 4. The application of (31) as defined in the proof of Proposition 4 yields the
prices that are stated in the lemma. O

Appendix B.3 Hedging Delta for the Special Linear Barrier

Similar to the case of vanilla European options, we calculate the diffusion terms
for the barrier and one-touch options. The hedging deltas then follow by taking
the ratios between the diffusion terms and the diffusion term of the stock.

Appendix B.3.1 Delta for Barrier Options

Substitutingz = b;(7) — x into the expression far’ in Corollary 2 yields
E%%t? S<t)7 ni(t)’ np(t); T, K, bl)
. [1 4+ Yeipy M(t) fr(1)e?*]0;
= [aumpta | (ST
> e fipp Lr (7)™ — Ne]ne(t) B
(14 n:(8) + mp@®)][1 + Aimi() + Apmp(8)]
4 [/\ifp(T)eﬁpx - )‘pfi(T)eﬁix]ni(t)np(t) (6}9 - @)) S(t)
(14 n0:(t) + mp(O][L + Aini(t) + Apmp(2)]
B (Zke{i,p} Al fiu (7)€ — i (t) By
1+ X\imi(t) + Apmp(t)]2g(7)eos®
Aidplfp(T)e%® — filT)e?*ni(#)1p () (B — 5i)
T w4 A 0Pg(nen ) K] “
B (e"’"TJ(O) + e PTJ(B;) + e T J(By)
a L+ mi(t) +mp(t)
Skefipple T (Br) — Aee T J(0)]nk(t) Bk
(L4 ni(8) + mp(@)][1 + Aemi(8) + Apmp(8)]
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a7 J(Bp) — Ape ™I (B3)Imi(£)np(8) (B, — ﬁﬁ) S
(L4 mi(t) + mp(O)][L + Nimi(t) + Apnp(2)]
B (Eke{i,p} Aele™™ 7 J(Bx — 05) — e (—0s)]nk(t) B
[1+ Xami(t) + Apmp(2)]
Aidple 7T (B, — a5) — eI (B; — o5)Imi()np(t) (B, — Bi)
" [1 + Ami(t) + /\pnp<t>]2 ) "

where we use the following identity

a+put ~27
[ el b de = 5 (), (38)
Y

where
- ) ()
e o () ()

Appendix B.3.2 Delta for One-Touch Options

Let
H(y) = e onlalvimre g (VI £297 = ||
\/F
4 e*aﬂﬂa\\/m]\] _V 1+ 297 4 |af
N :
Using this and equation (32) then yields
2OZt(tv 77@(75), np(t)a bl) -
e~ Q0s 1
N [T+ Xim(t) + Ay (£)]2 {(Aim(t)@ + Apnp(1)By) H (Tn + 50? + 05u>
' p'Ip

=N (2) (5 + Mp(0)(B = B) H (vi-+ 505 = B0 + (o3 — B
=Dy (8) (G + A ()5, — 8)) H (v + 505 = 8, + (75— By)n) |
whereb; (s) = a + us.
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