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ABSTRACT

Copulas are statistical tools for modelling the multivariate dependence struc-
ture among variables in a distribution free way. This paper investigates bivari-
ate copula structure, the existence and uniqueness of bivariate copula decom-
position in terms of a comonotonic, an independent, a countermonotonic, and
an indecomposable part are proved, while the coefficients are determined by
partial derivatives of the corresponding copula. Moreover, for the indecompos-
able part, an optimal convex approximation is provided and analyzed based
on the usual criterion. Some applications of the decomposition in finance and
insurance are mentioned.

Keywords: Comonotonotic factor, Countermonotonotic factor, Indepen-
dent factor, Copula decomposition.

1 Introduction

A copula is a multivariate distribution function with uniform marginal distri-
butions. It describes the multivariate dependence structure among the ran-
dom variables in a distribution free way. Sklar’s theorem states that for an

n-dimensional distribution function H with marginal distributions Fj,--- | F},,
there exists an n-copula C' such that for all (zy,xs,---,x,) € R",
H(wy, 2, ) = C(Fi(w1), Fa(wa), -+ Fuln) ). (1.1)
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If all the marginal distributions are continuous, then C'is unique.
In two dimensional case, every copula is bounded by two copulas C* (u,v) =
min{u, v} and C~(u,v) = max{u + v — 1,0}, i.e.,

C~(u,v) < C(u,v) < C*(u,v).

Copula C~ is often called the lower Fréchet — Hoeffding bound, and copula C*
is called the upper Fréchet — Hoeffding bound. Another well-known copula is
the so-called independence copula,

C*H(u,v) = uv,

which is very common in statistics and probability for modelling sequences of
independent experiments.

Sklar’s Theorem essentially states that in multivariate setting, marginal
distributions and the dependence between observations can be treated sepa-
rately. This is of great importance for practical work, especially in economics
and finance field which always try finding dependence among different random
variables. The use of the copula function allows us to overcome the issue of
estimating the multivariate distribution function by splitting the distribution
function into two unrelated parts:

1. estimate the marginal distributions by fitting the corresponding data via
choosing the proper statistical methods;

2. determine the dependence structure of the random variables by specify-
ing a meaningful copula function.

Therefore it has been of great interest to researchers for a long time, see
Schweizer (1991), Schweizer and Wolff (1981), Joe (1997), Mari and Kotz
(2001) and Nelsen (1991).

On the other hand, in recent years there has been an increasing attention
on the dependence structure in finance and insurance. This is due to the fact
that the dependence structure is more critical, such as in risk management (for
risk measure or pricing), in portfolio selection for hedging or other purposes,
in aggregate claims of an insurance portfolio over a certain future reference
period, etc. There are many papers dealing with these problems by focusing
on copula approach. See Muller and Scarsini (2001), Sarathy, Muralidhar and
Parsa (2002), Jondeau and Rockinger (2002), Smith (2003), Alink, Lowe and
Wiithrich (2004), Frees and Valdez (1996) and the references therein.

Recently, three important correlations—comonotonicity, countermonotonic-
ity and independence, play significant roles in insurance and finance. The term
”comonotonic” comes from ‘common monotonic’ and is discussed by Schmei-
dler (1986) and Denneberg (1994). According to Denneberg (1994, pp.54-55),
two random variables X and Y are said to be comonotonic, if there exist a ran-
dom variable Z and two non-decreasing functions f and g such that X = f(Z2)
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and Y = ¢(Z). Comonotonicity is an extreme positive correlation, it is a
deterministic correlation. When X and Y are comonotonic, the outcomes of
X and Y always move in the same direction, then neither of them can hedge
against the other. The key role of comonotonic can be seen in dual theory
(Yaari, 1987), Wang’s premium principle (Wang, et al,1997), stop-loss orders
and risk measures (Dhaene, et al, 2002a, 2002b). Another extreme case is
countermonotonic, an exact opposite of the comonotonic situation, where X
and Y are said to be countermonotonic if X and —Y are comonotonic. Coun-
termonotonicity is also important in two dimensional case, see Dhaene, et al
(2002b), Embrechets, et al (2001). As we all have known, independence is a
very important correlation in describing the dependence structure of risks.

Initiated by the important roles of the above three correlations, for ar-
bitrary two random variables it is interesting to find out their dependence
structure in terms of the above dependencies. Thanks for the relationship
between the three correlations and the copula functions C*, C~ and C*+. The-
orem 2.5.4 of Nelsen (1999) stated that X and Y are almost surely increasing
functions of each other if and only if their joint distribution function equals
its Fréchet — Hoeffding upper bounds i.e., min{P(X < z), P(Y <y)}. In an-
other words, the fact that X and Y are comonotonic is equivalent to that their
copula equals C'*. Similarly, that X and Y are countermonotonic is equivalent
to that their copula function equals C~. Obviously, X and Y are independent
if and only if their copula function equals C*. The above equivalence relation-
ships allow us to focus our discussion on the structure of copulas.

In this paper, for a bivariate copula C' we first define its comonotonic factor,
its countermonotonic factor and its independent factor, respectively. Then we
consider the following decomposition

C(u,v) = aC™(u,v) + SO (u,v) + ¥C~ (u,v) + IG(u,v), (1.2)

where a, 3,7, > 0 and G is a copula. The first three terms of the above convex
sum correspond to the comonotonic part, the independent part and the coun-
termonotonic part, respectively. A copula C' is called indecomposable, if for
each decomposition of the above form it is necessarily that « = =~y = 0. We
will show that a copula C' can be decomposed uniquely as a convex combina-
tion of a comonotonic part, an independent part, a countermonotonic part, and
an indecomposable part, while the first three coefficients of the decomposition
are its comonotonic factor, its countermonotonic factor and its independent
factor. Moreover, we will also show that the three factors can be determined
by partial derivatives of the corresponding copula. For an indecomposable cop-
ula, an optimal approximation by the convex combination of comonomtonic
part, countermonotonic part and independent part is provided under the usual
criterion.

This paper is organized as follows: Section 2 gives our main results on bi-
variate copula decomposition in terms of comonotonicity, countermonotonicity



and independence, while the method to determine the coefficient of each term
in the decomposition is also given. Section 3 presents the convex combina-
tion of C*, C~ and C* to approximate the indecomposable part under some
criteria. In Section 4 the random mechanic on the convex decomposition is
presented. In Section 5 some applications of our results in finance and insur-
ance are briefly provided. Sections 6-7 give the mathematical derivation of our
results. Section 8 draws conclusions.

2 The convex decomposition of bivariate copula

For a copula C, its comonotonic factor a¢ is defined as the largest o € [0, 1]
such that
C(u,v) = aC*(u,v) + (1 — ) B(u,v),

here B(u,v) is also a copula. Similarly, its independent factor fc and counter-
monotonic factor are defined as the largest 3 € [0, 1] and the largest v € [0, 1]
such that

C(uv U) = Bol(uv U) + (1 - ﬁ)D(u7 U)

and
C(u,v) =~vC™ (u,v) + (1 —v)E(u,v),

here D and E are copulas.
For a bivariate function g, we denote

A($27y2)(g) = g(z1,y1) + 9(2,92) — g(x1,92) — g(T2, 1),

(z1,91)

where 1 < x5 and y; < yo. It is easy to obtain that

ac =sup{a: A (w2,2) 1(C) = aly (m2.82) (C’+) for all o> x1,y2 > y1}. (2.1)

xl y1 xl y1

Let o and pe+ be the probability measures induced by C' and C'", respectively.
Then for z1 < x5 and y; < yo,

pe ((1,9) % (22, 92]) = ALNC),  pos ((w1,31] X (32,30]) = AZE(CH).

Thus the comonotonic factor can be expressed as

Qo = sup{a : pe (21, y1] X (22, 92]) = aper (21, 91] X (22, y2])
for all x> x1, Yy > 1}

From measure theory we know that
ac =sup{a: uc(B) > apc+(B)  for all Borel set B C [0,1] x [0, 1]}
Similarly, the independent factor of C' can be expressed as

Be = sup{b A(m’yg (C) > bA(m’yQ (CL) for all  x9 > x1,y2 > yl}v (2'2)

(z1,y1) (z1,91)
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and the countermonotonic factor of C' can be expressed as

vo = sup{c: A2V 1(C) = el (w2,10) (C7) for all x> a1,y2 20} (2.3)

(w1,y1) (z1,91)

Note that the comonotonic factor a accounts for the portion of positive de-
terministic relationship between two random variables, the countermonotonic
factor y¢ accounts for the portion of negative deterministic relationship, and
the independent factor B¢ gives the portion of independent part.

Here we need some notations. Let

0
Dey = {(u,v) €[0,1)%: a—C(u,v) exists}
U
and 5
Deo = {(u,v) €0,1%: a—C(u,v) exists}.
v
Denote
oC oC
M (u) = lim 9C(w,v) lim M,
vlu,(u,0)€Dc 1 ou vlu, (u,v)€Dc 1 ou
oC oC
Ms(v) = lim 0C(u,v) lim M’
ulv, (u,w)€De 2 ov ulv, (u,0)€Dc 2 ov
, 0C (u, 1 —v) , 0C(u, 1 —v)
M. = 1 - 1 -
3(“) vTu,(u,ll—rfjl)G'Dc,l ou Ulu,(u,ll—rfjl)EDc’l ou ’
1- 1—
My(v) = lim M — lim M
ulv,(1-u,w)EDc,2 ov ulv,(1—u,w)€Dc 2 ov

Note that 2C(u,v), £C(u,v) and 8881;0(“ v) exist for almost all (u,v) €

[0, 1] with respect to Lebesgue measure (Theorem 7.1.8 of Lojasiewicz (1988)
and Theorem 2.2.7 of Nelsen (1991)). For each fixed u € (0,1), M;(u) is the

size of the jump discontinuity in 808(“ ) at v = u, and Ms(u) is the size of the

jump discontinuity in % at v =1 — u. For each fixed v € (0,1), My(v) is
the size of the jump discontinuity in 808(u ) at u = v, and My(v) is the size of

W) gty =1—
ov .

the jump discontinuity in
Another notation is also needed. For one measurable function h(z),z € R?,
its essential infimum in a measurable set A € R?, is denoted as g = essinf h(z).

Theorem 2.1. (1) Each copula C' can be decomposed as a conver combina-
tion (1.2) of a comonotonic, an independent, a countermonotonic, and an
indecomposable part with o, 3,v,1 > 0. Such a decomposition is unique, and
the coefficients «, 3,7, equal to the factors ac, Pe,ve and lo, respectively,
where lc =1 — ac — B — e



(2) The factors ac, B and o can be computed by using the following essential
infimums,

02C(u,v)

= essinfy, , -7 2.4
Be = essinf(, .12 S0 )
ac = essinfyepo 1M (u) = essinf,cp11Ma(v), (2.5)
Yo = essinfyepo 1) Ms(u) = essinfyelo 1) My (v), (2.6)
here every essential infimum in the above equations exists and
0<ac+pBc+v <1 (2.7)

This theorem presents the relationship between the three factors a¢, Sc
and ¢ and the convex decomposition (1.2). The uniqueness of the decom-
position allows us to deal with two random variables’ correlation by focusing
on its every part separately. This theorem can also be generalized. For two
random variables X and Y with copula C' and marginal distributions Fj and
Fy, applying C’s convex decomposition, the joint distribution function H of
(X,Y) can be expressed as

H(x,y) = @CC+(F1($)>F2(?J))+5CCL(F1($)7F2(?J))
+7cC™(Fi(2), F5(y)) + leGe(Fi(x), Fa(y)). (2.8)

Example 1: Normal copula is given by
Olu,v) = (87 (u), 27 (v),

where @, is bivariate normal distribution with standard normal marginal distri-
butions and the correlation coefficient —1 < p < 1, ®~! is the inverse function
of standard normal distribution. One can verify that ac = v¢ = 0. In the
case p # 0,

0? _ _
[0,1]2M<I>p((b 1(U)aq> 1(”)) =0.

Thus the normal copula is indecomposable when p # 0.

Bo = essinf(, ,)e

Example 2: Consider the copula ( Farlie-Gumbel-Morgenstern family)
Co(u,v) = uv + duv(l —u)(1 —v),
with the parameter § € [—1, 1]. By detailed calculation one can obtain that
Be, =1—10], ac, =7¢, =0

For # # 0, the indecomposable part of Cy is C; when 6 > 0 and C_; when
0 < 0.



Example 3: Consider the copula
C(u,v) = C*H(u,v) (1 — logmax{u,v}), (u,v) € [0, 1]

For this copula, ac = B¢ = v¢ = 0. It is indecomposable.
Example 4: Consider the two-parameter comprehensive family (Nelsen (1999,
p.13) or Kass, et al (2001, p.264))

C(u,v) = a1 CT(u,v) + (1 — ay — az)C*(u,v) + asC~ (u, v)

with a1 > 0,as > 0 and a; + as < 1. The copula C' is the convex combination
of comonotonic copula, independent copula and countermonotonic copula. Its
comonotonic factor, independent factor and countermonotonic factor are aq,
1 — a; — ay and ay respectively. In the case a; > 0, its comonotonic factor is
greater than zero. In the next section, the comprehensive copula will be used
to approximate indecomposable copula.

From the normal copula it can be seen that two random variables may
be positive correlated, however their comonotonic factor may equal to zero.
Example 2 tells us that for two correlated random variables, some portion of
them may be independent. Examples 3 gives another indecomposable copula.
Example 4 gives an example that the comonotonic factor is positive.

The next corollary gives the necessary and sufficient condition for a copula
to be indecomposable.

Corollary 2.2. Copula C is indecomposable if and only if the following con-
ditions hold:

, 0?C(u,v _ ,
6552@]0(11,1})6[0,1?% = essinfyepo Mi(w) = essinf,epoMs(u) = 0.

For the copula C' with continuous density function over [0, 1] x [0, 1], ac =
vc = 0 and (¢ equals the essential infimum of the joint density function over
[0,1] x [0,1]. In this case the possible decomposition of the copula is the
sum of the independent part and the indecomposable part. Moreover, C' is
indecomposable if and only if

9*C(u,v)

ouov 0

essinf(um)e[o,l]z
3 Approximation of the indecomposable part

Usually, for comonotonic, countermonotonic and independent random vari-
ables, it is easy to tackle them, such as in Wang’s premium principle, (Wang,
et al, 1997), dual theory (Yaari, 1987), stop-loss orders and risk measures
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(Dhaene, et al, 2002a, 2002b). For the indecomposable part, it benefits prac-
tical application to make it sense. In this section, we use the convex sum of
C*, C~ and C* to approximate the indecomposable part.

Let G be a copula. Here it can be an indecomposable part of copula C, or
an arbitrary copula.

Denote the objective function

s(ar, as) = /01 /01 (Gu.v)

—<a10+(u, v) + ayC ™ (u,v) + (1 — ay — ay)C*H(u, v))rdudv.

Our approximation principle is to find out 0 < aj <1, 0 <aj <1 satisfying
a; + a3 <1, such that

ak) = 1 . N
s(ay, ay) {Ogal,aQSIlr,llnal—i-aQSl}S(aha2) (3.1)

One interesting fact is that s(ay,az) = 0 if and only if
G(u,v) = a1 CT(u,v) + asC™ (u,v) + (1 — a1 — az)C*(u, v).

Theorem 2.1 guarantees that the above decomposition is unique.

It is not easy to solve the above constrained optimization problem directly.
By the way, we can overcome the difficulty by solving several unconstrained
optimization problems.

First solve the unconstrained optimization problem

s(by,b03) = {min}s(bl,bg) (3.2)

b1,b2

for the optimal b and b5. The detailed derivation (see Section 7) shows that

1 1
by = 720/ / G(u,v)
o Jo

« <%C+(u, o) + 1—75C(u, 0) = CH(u0) )dudo 2 (3.3

1,1
b§:720//G(u,v)
o Jo

7

x (150w 0) + 1%0 (1,0) — O (u,0) ) dudv (3.4)



and

s(by, b3) // (u,v) dudv—Q// (u,v)C*(u, v)dudv

—b*;/ / G(u,v) (C*(u,v) — C*(u,v)) dudv
—b*/ / (u,v) ,v) — C*(u,v)) dudv

b b*
15 4571360 2 9

If the solution satisfies that 0 < b7 <1, 0<0; <1, 0<1-b—0; <1, then
the optimal value s(aj, a}) is obtained at points aj = b}, ab = b5. Otherwise,
s(aj,a%) must be achieved at the boundary of [0, 1] x [0,1] x [0,1]. So in the
following we consider the situation that aj = 0,a; = 0 or aj + a3 = 1. Let
c;, ¢35, c5 be the solutions of the following unconstrained optimization problems

s1(c]) = mins(cy,0),  s2(c3) =mins(0,c2), s3(c3) = mins(cz, 1 — ¢3).
{e1} {e2} {cs

One can get that

G(u,v) (C*(u,v) — C*(u,v)) dudv — 2,

G(u,v) (C*(u,v) — C~ (u,v)) dudv — %

[L
G = 90/0 /O G(u,v) (C™ (u,v) — C*(u,v)) dudv + Z,
I

and

// (u,v) dudv—Q//GquLuv)dudv—l—g

—cl/ / G(u,v) (C*(u,v) — CH(u,v)) dudv+45cl,

:/0 /0 (G(u,v))Qdudv—Q/O /0 G(uvv)CL(U,U)dudv+é

1ol
—C;/ / G(u,v) (C™ (u,v) — C*(u,v)) dudv — 3;002,

// dudv—Q// (u,v) uv)dudv—i—%

—cg/o /o G(u,v) (C*(u,v) — C~ (u,v)) dudv + 4_186



Detailed calculation yields that

¢y = by — <b3, 62:_§b1+b27 03:§(bl_b2>+_

Finally, the minimum value of s(ay, as) equals

{i:0<cr <1}

s(af,aZ):min{ min  {s;(c; )},5(1,0),5(0,1),5(0,0)}.

Note that a] and a} are unique.
The following two examples will explain our approximation methodology,
with one solved by analytical method and another by numerical method.
Example 5: For the copula in Example 2, [o = |0| and

/ / (u,v) uv)dudv—§ —0
2

13
+ dud —0
C(u,v)C™ (u,v)dudv = 15—1— T

[
/1/10( YO (u, v)dudy = = 4 g
o Jy TN AT = 00 T 050
Iy

1
2 L L2
C (u v)dudv =9 + 9 + 9009

Then 17 17
bl — ﬁe, b2 - —ﬁe

Note that except for the case # = 0, the constraint conditions are not satisfied.
Now let 6 # 0, one can get that

.17 . 170 . 1_+ 17
c, = — Cy = —— C3 ==+ —
L7567 2 56 32 105
and
41 41 1 1
* 0 :702 O * :702 * 1_ - = —02
00 = moae? 209 = g B9 = 10 52020

Since s(c§, 1 — ) > s(c},0) = s(0,¢) for 0 € [—1, 1], we can find the optimal
parameters
0,0 0<6<1
(@5,03) = 0 -
(19,0, —-1<0<0

and
41

s(aj,a — 0.
(a1, a2) = 470400
Note that the approximation error is quite small.
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Example 6: For the normal copula in Example 1, it is difficult to get the
accurate values of aj, aj by analytical method. Using the numerical method,
the accurate calculation will be involved in complex approximation to the
integrals. Here we will not focus our attention on the accurate calculating. For
illustrate purpose we list some figures by numerical approximation to b7, b3, etc.
Figure 1 shows the trend of 07, 05. From this graph we can see that the factors

1, b5 and 1—b7 —b3 do not satisfy the constraints. So we should use two terms to
approximate the normal copula with respect to different correlation coefficient
p. For negative p, intuitively, the convex sum of the countermonotonic part
and independent part may produce good approximation, the correspondent
results are shown in Figure 2. While for positive p, intuitively, the convex
combination of comonotonic part and independent part is more suitable, the
results are shown in Figure 3.

1 T T T
‘C_é 0 I \—/// |
_l 1 1 1
-1 -0.5 0 0.5 1
correlation coefficient p
1 T T T
% 0 I \/ |
_l 1 1 1
-1 -0.5 0 0.5 1
correlation coefficient p
15 T T T

1-al-a2
o
(63 =

0 1 1 1
-1 -0.5 0 0.5 1

correlation coefficient p

Figure 1: Three different factors and the correlation coefficient p

It is difficult to find upper bound for the constrained optimization problem
s(at, a3)in (3.2). In the following we give an upper bound for the unconstrained
optimization problem ming,, 4,} $(a1,a2). Recall that in the case 0 < b <
I, 0<b;<land0<1-07—0; <1, ming, g, s(a,a) = s(aj,a3)
follows.
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0.8

T

0.6

T

c2

0.4

T

0.2

T

-1 -0.8 -0.6 -0.4 -0.2 0
correlation coefficient p

0 i i i i
-1 -0.8 -0.6 -0.4 -0.2 0

correlation coefficient p

Figure 2: Countermonotonic factor, independent factor and the correlation
coefficient p when p is negative

Theorem 3.1. For arbitrary copula G,

min s(ay, as) < /1 /1 <G(u,v)>2dudv — i
{a1,a2} - 0 0 12

The proof will be given in Section 7.

4 The probability models on the convex decomposition

Let us introduce uniform [0, 1] distributed random variables U,V and W in
probability space (£, F, P) and the disjoint sets AT, A+, A=, AT € F. It is also
assumed that the sets AT, AL, A=, AT are independent of the random variables
U,V and W. Suppose that U and V are independent, U and W has joint
distribution

C(u,w)—acCt (u,0)—BcC(u,0)—vc C~ (u,w)
Go(u,v) = l—ac—Bc—c , ac+fotye <1
o5 (2 (u), 27 (v)), ac + o +70 =1
and

P(AT) =a¢, P(AY)=8e, P(A) =70, P(A)=Ic.
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15 T T T T

0 1 1 1
0 0.2 0.4 0.6 0.8 1
correlation coefficient p

l T T T T
o 0.5\ 1
P
i ot . . i
_05 I Il I Il
0 0.2 0.4 0.6 0.8 1

correlation coefficient p

Figure 3: Comonotonic factor, independent factor and the correlation coeffi-
cient p when p is positive
Proposition 4.1. Random vector ({,n) defined by

(C,n) = (U, Ulpg+ + VIgr + (1 =U)ls- +Wlys) (4.1)
has joint distribution function C'. Furthermore,

P(¢ <u,n<v|AT) = CF(u,v), P(C<u,n<oldb) =CH(u,v),
P(C<u,n<vlA7) = C (u,v),

and if lc # 0,
P(¢ < u,n < o|AT) = Ge(u,v).

Proof. As a consequence of Mikusinski, Sherwood and Taylor (1991)" result,
(¢,m) has distribution C. Moreover,

P <u,n<v|AY) =P(U < u,U <v)=CH(u,v).

The other equations can be proved similarly.
In fact, ®o5(P(u), @ (v)) can be replaced by an arbitrary indecompos-
able copula. O
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The probability space €2 can be partitioned into four subspaces via the
dependent structure of copula C. The random variables ¢ and 1 in (4.1)
are comonotonic in the subspace A% | independent in the subspace A+ and
countermonotonic in the subspace A™.

Generally, consider two random variables’ dependence. For two random
variables X and Y with copula C' and marginal distributions F; and F3, their
joint distribution is given in (2.7). Define the inverse functions of F; and Fj
respectively by

F(z) =inf{s: Fi(s) > x}, Fy (z) = inf{s: Fy(s) > z}.
Denote
(XY = (K (), F5(U), (XH,Y7) = (F(U), F (V)
and
(X=Y7) = (F-(U), F5(1=0)), (XY = (F(U), F;- (W),

where U,V and W are defined before. The four pairs (X, Y7T), (X1 Y1),
(X7, Y7) and (X', YT) have the same marginal distributions as (X, Y)’s. The
first pair (X, Y™") is comonotonic, the second to fourth pairs are indepen-
dent, countermonotonic and indecomposable, respectively. It is easy to get
the following proposition. The proof is omitted here.

Proposition 4.2. For any non-negative measurable function f on R?, one has

E[f(X,Y)] = acE[f(XT,YN)] +BcE[f(X',Y)]
1 cE[f(X7, Y )] +lcE[f(XT, Y]

The coefficients of the above decomposition only depend on the copula of
(X,Y). This property will show its advantage when applying it to deal with
random vectors with the same copula function.

5 Applications in insurance and finance

Recently, copula is becoming a hot topic in finance and insurance. This section
will give some ideas briefly on applications of our results in these fields.

For a given copula, Theorem 2.1 can be used to get the convex decompo-
sition, four factors can be found. If the indecomposable factor is not small
enough, then the approximation method in Section 3 can be used. Hence the
four factors and the two values of aj, aj (defined in section 3) are obtained.
The following comments on its application in insurance and finance aspects
are given:
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1. In variance’s decomposition: From Proposition 4.2 one can verify that
for every a,b € R, it holds that

Var(aX +bY) = acVar(aX™ +bY ") + BcVar(aX* +bY ™)
+yeVar(aX™ +bY ") +IlcVar(aX’ +bY?).

The above equation can be applied to find mean-variance optimal invest-
ment portfolio in finance.

2. In stop-loss premium’s decomposition: For one risk Y, its stop-loss pre-
mium is defined as E(Y —t), = E(max{Y — t,0}), where ¢t € [0, 00).
The stop-loss premium is applied when ordering risks in insurance (see
chapter 10 of Kass, et al. (2001)). From Proposition 4.2 one can find
that

EX+Y —t), =acBEXT+YT —t), + BoE(X+Y+ —1),
e E(X™+Y —t), +lcE(XT+Y! —1),.
By the well-known fact (Dhaene, et al., 2002a, 2002b)
EX 4+Y —t), <BEX'+Y'—t), <E(Xt+YT —t),
we get

EX+Y —t), <(ac+Ilo)E(XT+YT —t), +BcBE(Xt+Y*+ —1),
+ycB(X™+Y ™ —t),

and

E(X+Y —t)y >acBE(XT+Y"—t), +BcE(XT+Y—1t),
+(vo+I)E(X™ +Y ™ —t),.

When [ is small enough, the above inequalities provide good approxi-
mation.

3. In finance for hedging: Suppose that a company A with risk X wants
to find an asset from (Y7, Y5, -+ ,Y},) existing in the financial market to
hedge its risk X. Here the factors and values corresponding to (X,Y;)
are denoted by ay, 3,7, al and ab. It should choose the one which |v; —
;| is the largest when [; is small enough, otherwise the larger value of
|(vi — ay) + li(al — at)|, the better for hedging.

15



6 Proof of Theorem 2.1

Let SC = {x1,xq, -} be a countable dense set of [0, 1], and denote

A, ={uel0,1]: %C(u,xi) exists}

and Ac = N;=1A;. For fixed i, C(u,x;) is increasing about u € [0, 1], then
2. C(u, x;) exists for almost all u € [0,1]. Thus the lebesgue measure of the
set [0, 1]/ Ac is equal to zero. Further, 2C(u,v) exists for (u,v) € Ac x SC,
and 2C(u,v) is increasing with respect to v. See Nelsen (1991, Part II of
Theorem 2.2.7, p11).

Lemma 6.1. For almost all u € [0, 1], M;(u) ezists and is non-negative.

Proof. Here we only prove the case i = 1 . It suffices to prove that M;(u)
exists for u € Ac.

Fix u € Ac. When v is in the dense set SC, 2C/(u, v) exists and 2£C(u,v)
is increasing about v, hence M;(u) exists for u € Ac and M;(u) > 0. The
lemma is proved. O

By Lemma 6.1, essinf,ejo,1)M; (u) exists.
Lemma 6.2. Fach copula function C can be decomposed as
Clu,v) = essinf, o M (u)CF (u,v) + (1— essinfue[oyl]Ml(u))D(u, v), (6.1)
where D is a copula.

Proof. Denote a = essinf,c[o,1)M;(u) and

0C (u,v) .o 0C(u,w) .
du,v) =4 o alpysyy, if o exists
, otherwise.

Fix v € [0,1]. By Radon-Nikodym theorem (Chow and Teicher (1988), p195),
the copula function C' can be decomposed as

S

C(u,v) = /Ou st + A(u, v), (6.2)

where the non-negative function A(u,v) is increasing with respect to u. Note
that (6.2) can be rearranged as

Clu,v) = f(u,v) + A(u,v) +aC™ (u, v), (6.3)

where f(u,v) = ["d(s,v)ds.

0
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In the following, suppose that for all u; < us, vy < 9

A7) 5y > 0, A2 (4) > 0. (6.4)

(u1,’l}1) (Ul 7U1)

Then f(u,v) and A(u,v) can induce two measures. Since f(0,0) = A(0,0) = 0,
then f and g are non-negative.

Consider the case a = 1. Lettingu = 1,v = 1in (6.3), f(1,1)+A(1,1)+1 =
1, thus f(1,1) = A(1,1) = 0 follows. Hence f(u,v) = A(u,v) = 0 and (6.1)
follows from (6.3).

Now consider the case a < 1. In this case, (6.3) can be rewritten as

C(u,v) = (1 —a)D(u,v) + aC™ (u,v), (6.5)

where D(u,v) = W It is easy to verify that D(u,v) is a copula. Thus
(6.1) holds.

To finish the proof of the lemma, it suffices to prove that (6.4) holds. In
the following, we will prove that AEZ?Z?;(J”) >0 in (a) and AEZ?Z?;(A) >0 in
(b). For fixed v; < vy, denote

T ={s€0,1]: (s,v1) € Dc1, (s,v2) € Dcq}.

(a) By the monotonicity of %

a, we know that for almost all s € 7,

9C(s,v9)  OC(s,v1)

with respect to v and the definition of

s Os - a[{vg>52v1}
B 60535:;2) . 805;;1)1) > O7 5> vy 0r s <u
(90595:)2) o (90595:)1) —a> O, v < 5 < V.
Thus
9C (s, va) aC (s, v1)

Y B (T RPN TSRO

(u1,v1)(f) U Os Al{vy>s} s + alfy,>5) (AS

:/ {60(8’02> - 0C (s, v1) — alfy,>s> }}ds > ()
s€T u1 <s<us s Js T a

(b)From (6.2) we have

0C (s,v9)  0C(s,v1)
A(ug,vg) C _ / P i ; d A(z@,vg) A
(ul,v1)( ) s€T u1<s<uz < 85 85 ) St (u1,v1)( )

OP(C < <n<
= / C=sm<nsuv), | ameg)
se€T u1<s<usg 88 7

where the random vector (¢, 7) is defined in (4.1) with distribution function C.
By Canonical Lebesgue Decomposition (Theorem 4.4.9 of Lojasiewicz (1998)),

" QP(C < 5,00 < < v)

ds.
0s 5

ALTC) = Plug < ¢ <,y < < 13) > /
ul

17



Thus we conclude that
AL (A) > 0.

(u1,01)

Now we finish the proof of the lemma.

Lemma 6.3. Copula C' can be decompensated as
2
oC(uv) x C*(u,v)

Oudv
. 0?C(u, v
+ (1 — €8SiNf(, )ef0.1]2 #) x P(u,v),  (6.6)

Clu,v) = essinfi, e

where P is a copula.

Proof. Denote b = essinf(um)e[o’l}z%. Applying Radon-Nikodym theo-

rem (Chow and Teicher (1988), p195) again, there exists bivariate continuous
Lebesgue-singular measure Cy(u,v) such that

U v 62
C(u,v)—/o /0 858t0(8’t)dtd8+cd(u’v) (6.7)

holds. In the case b = 1, C'(u,v) = C+(u,v) follows. Otherwise (6.7) can be
expressed as

C(u,v) = (1 —b)P(u,v) + bC*(u,v), (6.8)
where S,
Plu.v) = Jo Jo (G=:C (s, t) — b)dtds + Cy(u, v)
’ 1-0 '
is a copula. The lemma is proved. O

It is easy to proof the next lemma. Here we omit its proof.

Lemma 6.4. Let
L(u,v) =u—C(u,1 —v).

Then L is a copula, and the comonotonic factor oy, of L equals ¢ .

Based on the above lemmas, we can prove Theorem 2.1 now.

Proof of Theorem 2.1

We first prove that (2.4)-(2.6) hold, then prove (2.7) and the first part of
the theorem.
(1) Proof of (2.4): According to the definition of B¢, the function C' can be
decomposed as

C(u,v) = BcCH(u,v) + (1 = Bc)G(u,v),

18



where G is a copula. Then for almost all (u,v) € [0, 1],

0? 0?
auavc(uav) = ﬂc + (1 - BC) auavG(u7 U)'
Thus )
essinf(, ,)c(0,12{ C(u,v)} > Beo.

Oudv
On the other hand, from Lemma 6.3 and the definition of G- we know that

2

m@(u,v)}.

ﬁC > eSSinf(u,v)E[O,l]Q{
Then (2.4) follows.
(2) Proof of (2.5): Note that the copula function C' can be decomposed as

C(u,v) = acC*(u,v) + (1 — ac)R(u, v),

where R is a copula. For u # v, differentiating the above equation with respect
to u, BRB(Z’”) exists if and only if 808(3’”) exists, and the following equation holds

for almost all (u,v) € [0, 1]?,

ou (1—040)M, u>v

0C (u,v) _ { ac+ (1 — ac)%, u <,
ou

Then for every u € Ac, we have

 OR(u,v) m OBv)
M, (u) = ar—+(1—a lim _— = lim —
1( ) ¢ ( C>(vlu,(u,v)€Dc,1 ou vlu,(u,0)€Dc 1 Ou )

2 Q.
On the other hand, from the definition of ar and Lemma 6.2 we have
essinfyejo, M1 (u) < ac.

Thus
essinfyepo, M (u) = ac.

Similarly the other part of (2.5) can be proved.
(3) Proof of (2.6): Let L be defined as in Lemma 6.4. Then

Dp1 = {(u,v) € [0,1)%: ((%L(u,v) exists} = {(u,v)](u, 1—v) € Dc,l},

and for (u,v) € Dy, 1,



holds. From the above equation and (2.5), it yields that

| o OL(u,v) o 0L
B . | OL(u,v) | oL\, v)
ap = essinfuept, T T, ou )
. . 9C(u,1 —v) - 90, 1 = v)
_ £, 1 — a1 o
€SS11 €[0,1] {va(u,llErvl)EDC,l au vlu,(u,llfnz})e'Dc,l au }

Hence the first part of (2.6) can be obtained by using Lemma 6.4. Similarly
the second part can be obtained.
(4) We will show that (1.2) holds with

a=ac,B=pFc,y=7lc=1-ac—Bc—c

and that (2.7) holds.
Based on the definition of ag¢,

C(u,v) = acC*(u,v) + (1 — ac)D; (u,v).
Note that 1 — ac > 0 and D, is a copula. For the copula D it holds that
D1 (u,v) = Bp,C*(u,v) + (1 — Bp,)Da(u, v),
here D, is a copula. Thus
C(u,v) = acC(u,v)+ (1 —ac)Bp,C(u,v) + (1 —ac)(l — Bp,)Da(u,v)

follows. By (2.4) and the above decomposition one can verify that fo =
(1 — a¢)Pp,. Similarly, for

Ds(u,v) = vp,C™ (u,v) + (1 = 7p,) G (u, v),
we have
Clu,v) = acC*(u,v) + BeC (u,v) + (1 = ac)(1 = Bp,)yp,C (u,v)
+(1 = ac)(L = Bp,)(1 = 7p,)G(u, v)
and y¢ = (1 — ac)(1 — Bp,)yp,. Moreover,
l—ac—fc—vc=(1-ac)(l—-0p)1—7p,) >0

Thus (1.2) holds with o = a¢, 8 = Be,v = vo,lc = 1 — ac — Be — Yo and
(2.7) follows.
(5) Proof of the first part of Theorem 2.1: Suppose that (1.2) holds for the
two cases @« = a1, 0 =[1,7y=7,G =Gy and a = a3, 8 = (3,7 = 72, G = G>
respectively, with [1,ls > 0. Further, it is also assumed that G is indecom-
posable if [; # 0, and G5 is indecomposable if I3 # 0.

(a) First we will prove that 5 = (.
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The case ; = 1 or 35 =1 is trivial. In the next we consider the case that
f1 < 1,3 < 1. Notice that
achr(u: U) + ’7107 (U, U) + llGl(ua U)
= ayC T (1, v) + 10 (u,v) + 1L,Gy(u,v) + (By — B1)CH(u,v). (6.9)

Suppose 1 > 35 > (31 and let

a1CT(u,v) + 1 C™ (u,v) + 11G1(u, v)

Plu,v) = 1- 3

Then
P(u,v) Iy Gi(u,v)

oudv 1 —0  Odudv

Using (6.9) and the fact that s — 3; > 0, the independent factor Gp of P(u,v)
is greater than zero. Then by (2.4) and the above equation we assert that
[y > 0 and the independent factor of Gy is greater than zero, which contradicts
to the indecomposable assumption on GG;. Thus (3, < 3 follows. Similarly, we
can get 01 < (5 and finally (5, = (3, holds.

(b) Since 1 = (35 holds, for simplicity we only consider the case 31 = 5 =
0. In the following we give the proof of a; = as, the proof of y; = 75 is similar.

Assume that oy > as. Then from (6.9) one has

a.e..

Qu,v) = (g — az)CF(u,v) + ;G4 (u,v)
= (72 — 1)C™ (u,v) + l2Ga(u,v). (6.10)

Thus for almost all (u,v) € [0,1]?,

0 0
%Q(Ua U) = (’72 - P)/l)[{u+v71>0} + 12—G2(Uav)-

ou
Applying (2.4) and by the above equation, one can derive that the comonotonic
factor ag of () satisfies that

ag = lgOzG2 .

Since a; > g, from (6.10) we know that the comonotonic factor ag > 0.
Then the above equation leads to that ag, > 0, which contradicts to the
indecomposable assumption on G5. Thus a; < as, and similarly a; > as.
Hence oy = a» holds.

Combining (a) and (b) with the fact that (1.2) holds with o = a¢, 3 =
Be, v = Yo, lc =1 —ac — Be — o proved before, the first part of the theorem
is proved. Now we finish the proof of the theorem.
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7 Mathematical derivation of Section 3
In this section we will prove some results used in Section 3.
Proposition 7.1. For the optimization problem

s(by,05) = min s(by, by),

{b1,b2}
the optimal parameters satisfy (3.3) and (3.4).

Proof. Differentiating s(aj, as) with respect to a; and as, respectively, the
optimal b7 and b3 should satisfy

/ / ) = (by minfu, v} + by maxfu+ v = 1,0} + (1 - b} — by)uv)

( min{w, v} — uv )dudv = 0, (7.1
( )

~—

/ / <b*mln{u v} 4 b max{u 4+ v — 1,0} + (1 — b} — b} uv)

~<max{u +v—1,0} — uv) dudv = 0, (7.2)
1.€.,
bTAl -+ b;Bl - Dl, bTBl -+ b;Cl - El,
where
1l
A = // (mln{u v}—uv) dudv,
0 Jo
B, = // (max{u—i—v—l O}—uv)(min{u,v}—uv)dudv,
0 Jo
1,
C, = // <max{u+v—1 0}—uv> dudv,
0 Jo
1l
D, = // G(u,v) —wv ) min{u, v} —uv |dudv,
v, ), () =) (ingu ) )
o = // G(u,v) —ww ) | max{u+v—1,0} — uv )dudv.
=), (Gt ) (maxt bow)

By Cramer’s rule,

chl - BlEl o AlEl — BlDl

by = by =
! Alcl - B% ’ 2 Alcl -
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In fact, after simple calculations, we have

11 5 1 1 1 5 1
/ / (min{u, v}) dudv = —, / / <uv> dudv = —,
o Jo 6 0 Jo 9
1ol 9 1 1ol 9
/0 /o (max{u +v—1, O}) dudv = T3 /0 /0 <min{u, U}uv)dudv =

1ol 1
/0 /0 (max{u—i—v—l,()}uv)dudv: 20"

11 5
/ / (min{u,v} max{u + v — 1,0}>dudv TS

Plugging above results into A;, By, Cy yields A; = %,Bl = —7770,01 = %.
Hence
1
AC, — B = ——.
FET T 34560
So (3.3) and (3.4) are obtained. O

Next we give the proof of Theorem 3.1.
Proof of Theorem 3.1: The minimum is

s(by,b5) = /01 /01 [(G(u,v) — uv)

2
_@ﬂmmWﬂ@—mﬁ+@mmﬂu+v—LO}~M»}MMU
Then due to the conditions (7.1) and (7.2), we have
s(b%, b5)

= // (u,v) dudv+ 1—b*—b*// v dudv
+(bf+b§—2)/ / G(u, v)uvdudv
o o Jo
—bf/ / G(u,v) min{u, v}dudv
0 Jo

11
—b; / / G(u,v) max{u +v — 1, 0}dudv
R 1ol
+b3 / / wo min{u, v}dudv + b / / wvmax{u + v — 1,0}dudv.
o Jo o Jo

The above value can be written as
// (u,v) dudv+——2//Guv)maX{u+v—1 0}dudv + M,
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where
M = —384A2 + (1440C5 — 672By) Ay + 1440B,Cy — 1440C3 — 38483

and
1l 1
AQZ/ / G(u,v)C* (u, v)dudv — —,

1 1
1

_ 1 o
02—/0 /0 G(u,v)C~(u,v)dudv 50"

1,1
BQZ/ / G(u,v)C™ (u,v)dudv.
o Jo

It is easy to check that M is a negative definite quadratic form because its
eigenvalues are 0, —1 and —45. Due to the fact that G(u,v) is a copula, so
G(u,v) > max{u + v — 1,0}, hence the theorem holds.

8 Conclusions

This paper presents a convex decomposition in terms of a comonotonic, an
independent, a countermonotonic, and an indecomposable part for bivariate
copula, and provides deep insights into the dependence structure for bivariate
random variables. For the indecomposable part, the approximation by a convex
sum of comonotonic copula, independent copula, and countermonotonic copula
is discussed, moreover the approximation error bound is provided. This paper
also briefly introduces this result’s applications in insurance and finance, and
gives some application ideas in these fields. Our method allows us to deal with
more complicated copula by focusing on its convex approximation.
Acknowledgement: The first author thanks Prof. Cai Jun for his helpful
comments. The authors would like to thank a referee for his valuable sugges-
tions. The work described in this paper was supported by the National Natural
Science Foundation of China (Grant No. 19831020, 10471008 and 70371002).

References

[1] ALINK, S., Lowg, M. AND W#THRICH, M. V. (2004). Diversification
of aggregate dependent risks. Insurance: Mathematics and Economics, 35,
77-95.

[2] ARTERZER, P. DELBEAN, F. EBER, J.-M AND HEATH, D. (1999). Co-
herent measures of risk. Mathematical Finance, 9 (3), 203-228.

[3] CHOW, Y.S. AND TEICHER, H. (1988). Probability Theory. 2nd, Springer-
Verlag, New York.

24



[4] DENNEBERG, D. (1990). Non-additive Measure and Integral. Kluwer Aca-
demic Publishers, Boston.

[5] DHAENE, J., DENUIT, M., GOOVAERTS, M.J., KAAS R. AND VYNCHE,
D. (2002a). The concept of comonotonicity in Actuarial Science and Fi-
nance: Theory. Insurance: Mathematics and Economics, 31(1), 3-33.

[6] DHAENE, J., DENUIT, M., GOOVAERTS, M.J., KAAS R. AND VYNCHE,
D. (2002b). The concept of comonotonicity in Actuarial Science and Fi-
nance: Application. Insurance: Mathematics and Economics, 31(2), 133-
161.

[7] EMBRECHETS, P., LiNnDskoG, F. AND McNEIL, A. (2001). Mod-
elling dependence with copulas and applications to risk management.
www.math.ethz.ch/finance.

[8] FrReEES, E. W. AND VALDEzZ, E. A. (1996). Understanding relationship
using copulas. North American Actuarial Journal, 2(1), 1-24.

9] JoE, H. (1997). Multivariate models and dependence concepts. Chapman
& Hall, London.

[10] JONDEAU, E. AND ROCKINGER, M. (2002). Conditional dependence of
financial series: The copula-Garch model. FAME-International Center for
Financial Asset Management and Engineering, No. 69.

[11] Kass, R., GOOVAERTS, M., DHAENE, J. AND DENuIT, M. (2001).
Modern Actuarial Risk Theory. Kluwer Academic Publishers, Boston.

[12] LoJASIEWICZ, S. (1988). An Introduction to the Theory of Real Func-
tions. John Wiley & Sons, New York.

[13] MARI, D. D. AND KoOTZ, S. (2001). Correlation and Dependence. Impe-
rial College Press, Singapore.

[14] MIKUSINSKI, P., SHERWOOD, H. AND TAYLOR, M. D. (1991). Prob-
abilistic interpretations of copulas and their convex sums. In Advances in
Probability Distributions with Given Marginals, edited by Dall’Aglio, G.,
Kotz, S. and Salinetti, G., 95-112.

[15] MULLER, A. AND SCARSINI, M. (2001). Stochastic comparison of ran-
dom vectors with a common copula. Mathematics of operations research,

26(4), 723-740.

[16] NELSEN, R. B. (1991). Copulas and associations. In Advances in Proba-
bility Distributions with Given Marginals, edited by Dall’Aglio, G., Kotz,
S. and Salinetti, G., 51-74.

25



[17] NELSEN, R. B. (1999). An Introduction to Copulas. Springer-Verlag, New
York.

[18] SARATHY, R., MURALIDHAR, K. AND PARsA, R. (2002). Perturb-

ing nonnormal confidential attributes: The copula approach. Management
Science, 48(12),1613-1627.

[19] SCHMEIDLER, D. (1986). Integral representation without additivity. Pro-
ceedings of the American Mathematical Society, 97, 255-261.

[20] SCHWEIZER, B. (1991). Thirty years of copulas. In Advances in Probabil-
ity Distributions with Given Marginals, edited by Dall’Aglio, G., Kotz, S.
and Salinetti, G., 13-55.

[21] SCHWEIZER, B. AND WOLFF, E. F., (1981). On nonoparametric measure
of dependence for random variables. Annal of Statistics, 9, 870-885.

[22] SmiTH, M. D. (2003). Modelling sample selection using Archimedean
copulas. Econometrics Journal, 6, 99-123.

[23] WANG, S. S., YouNa, V. R. AND PANJER, H. H. (1997). Axiomatic
characterization of insurance prices. Insurance: Mathematics and Eco-
nomaics, 21, 173-183.

[24] YAARI, M. E. (1987). The dual theory of choice under risk. Econometrica,
55, 95-114.

26



